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In previous papers in this series, a model that uses available elastic, structural, and spectroscopic 
data on minerals has been used to predict the thermodynamic functions Cv (heat capacity), S 
(entropy), E (internal energy), and F (Helmholtz free energy). In this paper, four applications to 
problems of current geochemical and geophysical interest are presented: (1) interpretation of complex 
trends of calorimetric data; (2) calculation of phase equilibria; (3) calculation of oxygen-isotopic 
fractionation factors; and (4) estimation of the effect of pressure on thermodynamic functions. The 
model demonstrates that trends in high-temperature thermodynamic properties of silicates are 
determined by the position and relative numbers of high-frequency modes, generally antisymmetric 
(Si, AI)-O stretching modes. The position of these modes varies systematically with degree of 
polymerization of tetrahedra, and therefore high-temperature calorimetric behavior is relatively 
systematic as a function of crystal structure and mineral composition. Trends at low frequency are 
much more complex because the low-frequency optic modes that most strongly influence the low- 
temperature thermodynamic functions depend in a complex way on the size, coordination, and mass of 
cations and various polyhedra in the minerals. The heat capacity curves of kyanite, andalusite, and 
sillimanite and of quartz, coesite, and stishovite show crossovers that cannot be explained by Debye 
theory, which accounts only for acoustic mode behavior, but can be explained by the model spectra 
proposed because proper account is taken of the changing low- and high-frequency optic modes upon 
polymorphic transformations. The proposed model is sutficiently accurate that phase equilibrium 
problems can be addressed: the quartz-coesite-stishovite equilibrium curves, the kyanite-andalusite- 
sillimanite triple point, and the breakdown of albite to jadeite-plus-quartz are cited as specific 
examples. For each example, predicted slopes of equilibrium curves agree moderately well to 
excellently with slopes determined experimentally. The calculated slopes are sensitive to spectrosco- 
pic parameters, particularly to the distribution of optic modes in the far infrared; this sensitivity is 
discussed in detail for the albite breakdown reaction. The model can be used for prediction of isotopic 
fractionation factors if spectra of the isotopic forms of the mineral are known or postulated. A simple 
set of 'rules' for generating hypothetical spectra of •80 minerals from measured spectra of the •60 
forms is given. Reduced partition functions are calculated for 13 minerals. At 298øK the model values 
of reduced partition function, 1000 In a, of these minerals decrease in the order quartz > calcite •> 
albite > muscovite > clinoenstatite • anorthite > diopside > pyrope > grossular > zircon > forsterite 
> andradite > rutile, in good agreement with experimental data. At 1000øK the first six minerals show 
small crossovers so that the order becomes calcite, muscovite • albite, quartz, anorthite, and 
clinoenstatite; the differences in 1000 In a at high temperature for these minerals are so small that the 
model probably cannot address the deviations from experimental trends. The model clearly defines the 
region in which the fractionation factors do not follow a 1/T 2 trend and should be useful for 
extrapolation of experimental data to low temperatures. Finally, a modified Griineisen parameter 
model is proposed for shift of the lattice vibrational frequencies under compression, and thermody- 
namic properties to 1000 kbar, 1000øK, are given for nine minerals. At 1 Mbar, the predicted decrease 
in entropy at 298øK ranges from 54% (of the l-bar value) for periclase to 25% for stishovite. 
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1. INTRODUCTION 

A model for estimating thermodynamic properties of min- 
erals from elastic, structural, and spectroscopic data was 
proposed in the first four papers of this series [Kieffer, 
1979a, b, c, 1980] (hereinafter referred to as papers 1, 2, 3, 
and 4). The purpose of this paper is to illustrate, in a general 
way, application of the model to geologic problems of 
interest. 

Four applications of the model are given in this paper: (1) 
interpretation of complex trends of calorimetric data and 
prediction of thermodynamic properties of minerals for 
which calorimetry cannot be performed; (2) calculation of 
phase equilibria; (3) prediction of oxygen isotopic fraction- 
ation factors; and (4) estimation of the effect of pressure on 
thermodynamic functions. 

827 
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For detailed applications in problems of current research, 
knowledge of mineral properties beyond the scope of the 
particular thermodynamic study of papers 1-4 is often 
required: for example, phase equilibria calculations may 
require inclusion of order-disorder phenomena, and magnet- 
ic or configurational effects; isotopic fractionation calcula- 
tions may require consideration of the detailed behavior of 
compounds containing hydrogen ions or water molecules; 
and pressure dependence calculations require detailed evalu- 
ation of the behavior of the thermal-expansion and GrQnei- 
sen parameters, both of which are difficult and controversial 
subjects. Therefore most of this discussion is meant to be 
illustrative, using common, well-studied minerals and phase 
equilibria, in order to demonstrate both the potential and the 
limitations of the model. 

2. INTERPRETATION AND PREDICTION 

OF THERMODYNAMIC FUNCTIONS 

As was mentioned in papers 1-4, the model can be used 
either to predict heat capacities independently of calorimet- 
ric data or to extrapolate heat capacity data to higher and/or 
lower temperatures than those attained by calorimetric tech- 

niques; for example, heat capacities for coesite and stisho- 
vite could be predicted above 300øK at which temperature 
experimental data cannot be obtained because the phases 
become metastable, and heat capacities can be estimated for 
many minerals where data below 54øK are not available. For 
example, Gaffney [1982] has used this model to predict the 
heat capacities of water ices for which calorimetric data are 
not available. For data extrapolation, a modified model that 
finds the best fit between any available calorimetric data and 
a simple vibrational spectrum was suggested for obtaining 
greater accuracy (paper 4). 

The model can also be used to indicate possible inconsis- 
tencies among various data sets: for example, calorimetric 
data on stishovite could not be reproduced using elastic data 
and reasonable spectroscopic models (paper 3); calorimetric 
and low-frequency spectroscopic data on enstatite seem to 
be inconsistent (paper 4); and acoustic velocities estimated 
for brucite from shock wave data give model heat capacities 
much higher than measured heat capacities (without includ- 
ing any contribution from optic modes) (paper 3). If the 
measured brucite heat capacity data are correct, the infer- 
ence would be that the estimated wave velocities are too 
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Fig. 1. Curves of 0cal(T)/0el versus T for (a) low-temperature heat capacity data and (b) high-temperature data 
(abscissa scale of Figure lb is different from that of Figure la). See Figure 4, paper 1, for notes and references. 
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Fig. 2. (a) Heat capacity deviations for AI:SiO• polymo•hs; kyanite and andalusite data are from R. Robie and B. 
Hemingway (personal communication, 1981), and sillimanite data are from Todd [ 1950]. Model values are from paper 4. 
(b) Heat capacity deviations for SiOl polymo•hs. Data for qua•z are from Lord and Morrow [1957]; data for coesite 
and stishovite are experimental data of Holm et al. [ 1967] to 350øK. Values beyond this are from model. For stishovite, 
model 2 of paper 3 was used, and, for coesite, model 1 of paper 3 because these models gave the best match to 
experimental Ce* data at 300ø-350øK. 

low. In model calculations for albite and sillimanite, calori- 
metric data (presumed accurate) could not be matched by 
model calculations using spectral data (infrared only) avail- 
able at the time (papers 3 and 4). Additional low-frequency 
vibrations were required to fit the heat capacity data, and so 
we obtained Raman spectra for these minerals. These spec- 
tra showed low-frequency Raman lines at 83 cm -I for albite 
and at 115 cm -• for sillimanite (J. Delany, University of 
California, Los Angeles, unpublished data, 1978), exactly in 
positions that brought model values into good agreement 
with measured values of Cv. One should always keep in 
mind that one possible cause of apparent inconsistencies 
between data sets indicated by the model can be that the 
assumed form of the model spectrum does not adequately 
resemble the real lattice vibrational spectrum of a mineral. 
However, the general agreement between predicted and 
measured thermodynamic functions for 30 minerals exam- 
ined suggests that use of the model provides a reasonable 
way to attempt to integrate elastic, spectroscopic, and 
thermodynamic data sets and that substantial inconsisten- 
cies call for reexamination of experimental data sets used. 

The model provides insight into observed calorimetric 
trends given in Figure 4 of paper 1, reproduced as Figure 1 of 
this paper. The simplified vibrational spectra of the model 
reveal systematic variations in various groups of modes that 
appreciably influence the low- and high-temperature thermo- 
dynamic functions: 

1. Trends at high temperatures (Figure lb) are deter- 
mined by the position and relative numbers of the highest- 
frequency modes (antisymmetric (Si, AI)-O stretching modes 
for most silicates and AI-O, O-H stretching or Si-O modes 
for some other minerals studied). The position of these 
modes varies systematically with degree of polymerization 
of tetrahedra, and therefore high-temperature calorimetric 
behavior is relatively systematic as a function of crystal 
structure and mineral composition. 

2. Trends at low temperatures (Figure l a) are deter- 
mined primarily by the position of the lowest-frequency 
optic modes and secondarily by the magnitude and relative 
proportion of acoustic modes and their relationship to the 
optic mode frequencies. Because the position of the lowest- 
frequency optic modes is sensitive to the size and coordina- 
tion of cations and various polyhedra in the minerals, low- 

temperature calorimetric trends are not nearly as systematic 
as high-temperature trends and must be more cautiously 
interpreted and predicted in terms of individual mineral 
properties. 

The model predicts absolute values of the thermodynamic 
functions of minerals better than a Debye or Einstein model 
and can be used to explain variations of the thermodynamic 
functions with temperature that these one-parameter models 
cannot explain. An example discussed in paper 4 was the 
relation between heat capacity (Cv) and entropy (S) of 
pyrope and grossular. Measured data show that the heat 
capacity of pyrope at 298øK is less than that of grossular, 
whereas the entropy is greater. This anomaly occurs because 
of relations in the low-frequency part of the spectrum and is 
nearly reproduced by the theoretical model (which predicts 
that the heat capacities will be about equal instead of 
reversed from the entropies). Comparison of pyrope and 
grossular model spectra (paper 4) shows that pyrope has a 
lower-frequency optic mode than grossular, but also a slight- 
ly lower average density of optic modes. These two effects 
oppose each other in contributing to the low-temperature 
heat capacity, with the net result of the near equality of Cv 
for pyrope and grossular at low temperature. However, 
when C•,/T (• Cv/T at low temperature) is integrated to give 
entropy, the entropy of pyrope is greater than the entropy of 
grossular because the 1/T weighting factor in entropy en- 
hances the effect of the lower-frequency modes of pyrope. 

Consider two additional examples of thermodynamic be- 
havior that cannot be explained by a simple Debye model: 
crossovers in the heat capacities of kyanite, andalusite, and 
sillimanite and similar crossovers in the heat capacities of 
quartz, coesite, and stishovite illustrated in Figures 2a and 
2b. In these figures, deviation curves showing measured and 
calculated heat capacity differences between mineral pairs 
are shown. Even in the lowest temperature range where the 
model is least accurate, these curves reproduce well the 
trends of the deviation curves and, reasonably well, their 
magnitudes. Therefore interpretation of the cause of this 
behavior in terms of model parameters appears justified. 

Consider first the AI2SiO5 polymorphs (Figure 2a). At 
temperatures between 54øK and 350øK, their heat capacities 
increase in the order kyanite, andalusite, sillimanite. The 
heat capacity curves cross over each other between 350 ø and 
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Fig. 3. A partial compilation of data on SiO2 phase equilibria. Other data can be found in the work by Weaver et Hi. 
[ 1979]. The curves are from the following references: (curve 1) Dachi!!e and Roy [ 1959], (curve 2) MacDonald [ 1956], 
(curve 3) Takahashi [1963], (curve 4) Kitahara and Kennedy [1964], (curve 5) Boyd and England [1960] extrapolated to 
lower temperatures, (curve 6) Boyd et Hi. [1966] extrapolation of revised curve, (curve 7) Griggs and Kennedy [1956], 
(curve 8) Ostrovsky [1967], (curve 9) Akimoto and Syono [1969], (curve 10) Stishov [1964]; and (curve 11) Bohlen and 
Boettcher [1982]. The two crosses on the quartz-coesite curve are the data of Boettcher and Wy!!ie [1968]. HKW refers 
to the curves calculated by Holm et Hi. [ 1967]. Yagi and Akimoto [ 1976] have additional data on coesite-stishovite; from 
their data one may infer a slope of about 11 bars deg -• from the coesite-stishovite equilibrium [Weaver eta!., 1979]. 
Jeanloz and Thompson [1982] prefer a slope of 21 bars deg -•' 

400øK, and at high temperatures the heat capacities increase 
in the order sillimanite, andalusite, kyanite. Elastic Debye 
temperatures of the polymorphs increase in the order anda- 
lusite (761øK), sillimanite (782øK), kyanite (916øK), There- 
fore, according to a Debye model, at all temperatures the 
relative order of heat capacities should increase from kyanite 
to sillimanite to andalusite; it does not. The model calcula- 
tions show that the influence of low-frequency optic modes 
is sufficiently great at 20øK to upset the relationships expect- 
ed from acoustic velocities alone. Because the frequency of 
the lowest optic modes increases in the order sillimanite (115 
cm -• at K = 0), andalusite (156 cm-•), and kyanite (237 
cm -•) and because the position of these modes dominates 
heat capacity relationships at low temperatures, the ob- 
served order of increasing heat capacity is from kyanite to 
andalusite to sillimanite. However, the optic modes of 
kyanite are compressed into a smaller frequency range than 
those of andalusite and sillimanite (upper cutoff 720 cm- • for 
kYanite, 780 cm -• for andalusite, and 955 cm -• for silliman- 
ite), so that relationships in heat capacity are reversed as the 
influence of higher-frequency optic modes becomes impor- 
tant at about room temperature. 

The heat capacities of quartz, coesite, and stishovite also 
show crossovers, as illustrated by the deviation curves of 
Figure 2b. Crossovers in quartz-coesite and quartz-stisho- 
vite are indicated by the Holm et al. [1967] data; crossovers 
between coesite and stishovite can be inferred from the 

trends at the 350øK limit of their data and from my model 
values. The heat capacity of coesite is much more similar to 
that of quartz than is the heat capacity of stishovite, because 
the coordination, and hence the vibrational spectrum, is 
more similar. The heat capacity of coesite is less than that of 
quartz at low temperatures because the Debye temperature 
is higher; however, the frequencies of the optic continuum 

are lower than for quartz, and thus at relatively low tempera- 
tures the heat capacity of coesite rises above that of quartz. 
At low temperatures, stishovite has a lower heat capacity 
than either quartz or coesite because it has a very high 
elastic Debye temperature (hence high acoustic mode fre- 
quencies) due to its high density, and also because its lowest 
optic modes are at relatively high frequencies. However, the 
heat capacity of stishovite rises more rapidly as temperature 
rises than that of quartz or coesite because the Si-O stretch- 
ing modes of stishovite are at lower frequencies (Si in sixfold 
coordination) than the stretching modes of quartz and coe- 
site (Si in fourfold coordination). Thus at about 300øK, 
where these stretching modes become effective, the heat 
capacity of stishovite rises above that of either quartz or 
coesite. 

In general, crossovers in heat capacities and reversals in 
relative entropy values should be expected for mineral pairs 
if relative magnitudes of elastic Debye temperatures, and/or 
frequencies of lowest optic modes or of highest optic modes, 
show opposing trends. Such opposing trends will be com- 
mon, for example, across polymorphic phase changes when 
the influence of the density change is to drive acoustic 
frequencies upward and the influence of the coordination 
change is to drive optic frequencies in the opposing direc- 
tion, downward. Navrotsky [1980] recognized that this be- 
havior could occur across polymorphic phase changes in 
oxides and could give rise to negative pressure-temperature 
slopes for phase changes in the upper mantle. 

3. PHASE EQUILIBRIA 

Calculation of phase equilibria provides a more stringent 
test of the model than calculation of thermodynamic func- 
tions alone, because small differences in the thermodynamic 
functions, rather than their absolute magnitude, determine 
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TABLE 1. Entropies and Volumes of SiO2 Phases 

Property a Quartz /3 Quartz Coesite Stishovite 

Volume, cm 3 mol-1 
at 1 bar 22.69 23.72 
at 30 kbar 21.33 22.29 
at 70 kbar 19.97 20.87 
at 90 kbar 19.51 20.40 

Entropy, cal mo1-1 
o K- 1 (from 
model) 

at 298øK 10.08 ß ß ß 

at 600øK 19.29 

at 1000øK -.. 27.82 

Entropy, cal mo1-1 
o K- 1 [from 
Robie et al., 
1978] 

at 298øK 
at 600øK 

at 1000øK 

20.64 14.02 
20.02 13.88 
19.40 13.74 
19.20 13.73 

model 1 10.05 7.77 a 
model 2 9.00 7.65 a 

model 1 19.29 17.19 a 
model 2 17.86 16.89 a 
model 1 27.51 25.30 a 
model 2 25.98 25.14 a 

9.91 ß ß ß 9.65 6.64 
19.08 ß ß ß 18.68 15.74 
ß ß ß 27.61 26.88 23.88 

aAnharmonic entropy correction uncertain. 

the phase relations. Therefore errors resulting from aver- 
aging assumptions in the model become quantitatively 
important. The following equilibria are examined: quartz- 
coesite-stishovite, kyanite-andalusite-sillimanite, and albite- 
jadeite-quartz. 

Si02 Polymorphs (Quartz, Coesite, Stishovite) 

Experiments have suggested a wide range of stability 
fields for quartz, coesite, and stishovite (Figure 3). Isobaric 
temperature uncertainties are of the order of 500øK for the 
univariant equilibrium curves. The quartz-coesite equilibri- 
um is difficult to determine experimentally because of the 
notorious sluggishness of the quartz-coesite reaction. The 
coesite-stishovite equilibrium is difficult to determine be- 
cause the high pressures at which it occurs are difficult to 
obtain and to calibrate. The metastable quartz-stishovite 
transition, of considerable interest to shock wave geophysi- 
cists and astrogeologists (see Kieffer et al. [1976], for exam- 
ple), has only been determined by calculation from calori- 
metric data. The data of Figure 3 show, however, that slopes 
of the equilibrium curves are less certain than their position 
in P-T space. The slopes of the equilibrium curves are 
related to entropy and volume through the Clapeyron rela- 
tion: 

dP/dT = AS/A V (1) 

Because my model predicts only entropies of the phases, not 
free energies of transition, i will focus only on calculated 
slopes of equilibrium curves in this section to compare with 
the slopes determined experimentally. 

I have calculated the slopes for the quartz-coesite-stisho- 
vite equilibria from entropies calculated at 1000øK, 1 bar, 
and from volumes appropriate to the approximate pressures 
of the transitions: 30 kbar for quartz-coesite, 70 kbar for 
metastable quartz-stishovite, and 90 kbar for coesite-stisho- 
vite. (Although a method of obtaining the thermodynamic 
functions at high pressure is given in section 5, not enough 
data exist on the thermal expansions of coesite and stisho- 
vite to allow it to be used for this calculation.) The entropies 
and volumes used are listed in Table 1. A model entropy for 

/3 quartz was obtained by taking the model value for a quartz 
at 1000øK (22.69 cal mol -• øK-l) and adding 0.13 cal mol -• 
øK-• for an approximate entropy of transition. 

Consider, first, the quartz-coesite equilibrium. Experi- 
mentally determined curves show a wide range in slopes (2 
to 37 bars deg-• have been proposed); some of the measured 
equilibrium curves are shown in Figure 3. However, 
Boettcher and Wyllie [1968] and Weaver et al. [1979] have 
critically discussed experimental data, pointing out that the 
curves having the highest slopes (curves 1, 2, and 7) are 
generally considered unreliable. Weaver et al. [1979] pre- 
ferred a slope of 13 bars deg-•; Bohlen and Boettcher [1982] 
prefer -- 8 bars deg -•. The two models proposed for the 
vibrational spectrum of coesite in paper 3 give substantially 
different values of entropy and, consequently, quite different 
values of slope of the phase boundary. The entropy differ- 
ence between quartz and coesite is so small that the large 
uncertainties in the thermal expansion, reflected in anhar- 
monic entropy, appreciably affect the calculated slope. The 
slopes obtained •from models 1 and 2 are 6 and 34 bars deg-l, 
respectively. The latter value is probably not to be consid- 
ered seriously because the model values of heat capacity are 
so far from measured values on coesite (on the other hand, 
Weaver et al. [1979] showed that some problems may also 
exist with the coesite calorimetry). Although the model 
value of 6 bars deg-• is slightly lower than that preferred by 
experimentalists for this boundary, it is in remarkable agree- 
ment given uncertainty in thermal expansions. 

ConsideL next, the coesite-stishovite equilibrium. Two 
different vibrational models were examined for stishovite in 

paper 3. However, these models differed only in their 
treatment of the higher-frequency optic modes which do not 
have a strong influence on the entropy. Therefore little 
difference in entropy at temperatures above 298øK is predict- 
ed by the models, and, for simplicity, only model 2 is 
discussed here. The calculated slope for this transition is 17 
bars deg -•. Experimental values range from 11 to 36 bars: 
Weaver et al. [1979] prefer a value between 11 and 23 bars; 
Jeanloz and Thompson [1982] prefer a value of 21 bars 
deg-•. Given the wide scatter in the experimental curves and 
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Fig. 4. Calculated slopes of aluminosilicate phase boundaries 
from model entropies. The intercepts at P = 0 were determined from 
the work of Holdaway [1971], as described in the text. The shaded 
triangular area is bounded by the three phase boundaries; because 
the slopes of the curves are determined independently from the 
spectroscopic data, they do not necessarily intercept at a point. 
Triple points as determined by other investigators are shown: H, 
Holdaway [1971]; HK, Holm and Kleppa [1966]; R, Richardson et 
al. [1969]; A, Althaus [1967]; (MS), Mueller and Saxena [1977], a 
'reasonable estimate' from survey of literature. 

the small number of data on which they are based, the model 
value of 17 bars deg-1 is probably to be considered satisfac- 
tory. 

The calculated slope of the metastable quartz-stishovite 
equilibrium is 15 bars deg -1, less than the slope of 22 bars 
deg -1 that can be inferred from the calorimeter data of Holm 
et al. [1967], as extrapolated by Robie et al. [1978]. This 
difference occurs because my model entropies for stishovite 
are appreciably greater than those obtained from calorime- 
try. It is worth noting here that in a recent analysis of 
existing phase equilibria data on quartz, coesite, and stisho- 
vite, Weaver et al. [1979] suggested that the entropy of 
stishovite is 7.7 cal mo1-1 øK-l, in excellent agreement with 
the values of 7.65 to 7.80 cal mo1-1 øK-1 given by these 
models in paper 4. This value is about 1 cal mol -• øK-1 
greater than the calorimetric values, and would give a 
quartz-stishovite slope close to that predicted above. 

AI2Si05 Equilibria 

The aluminosilicate phase relations, the subject of much 
controversy (for example, see Zen [1972] and Day and 
Kumin [1980]), provide a very sensitive test of the model 
because free-energy differences between the phases are very 
small. Such small differences in free energies (inferred from 
shapes of stability fields) are somewhat surprising in view of 
the rather large apparent differences between the vibrational 
spectrum of sillimanite and the spectra of kyanite and 
andalusite (paper 2). The Si-O stretching bands of sillimanite 
cover a much broader range of frequencies than those of the 

other two polymorphs, extending out to 1200 cm -1, nearly 
the highest frequencies found for the asymmetric Si-O 
stretching modes in any silicate. At lower frequencies, 
spectra of the polymorphs show systematic, although not 
easily interpretable, differences. The lowest kyanite band is 
at 237 cm-1 the lowest andalusite band is at 165 cm-1 and 
the lowest sillimanite band is at 115 cm -•. In effect, spectra 
are stretched to both lower and higher frequencies as the 
aluminum coordination progresses from sixfold in kyanite to 
fourfold in sillimanite. The thermodynamic functions of the 
polymorphs remain similar in spite of the spectral changes 
because the stretching in frequency at one end of the 
spectrum is counteracted by the stretching at the other end. 

Calculated entropies for these polymorphs at 298øK are as 
follows' kyanite, 20.80; andalusite, 23.12; and sillimanite, 
23.60 cal mo1-1 øK-1. Molar volumes of the three poly- 
morphs are (in the same order) 44.09, 51.53, and 49.90 cm 3. 
Therefore the following slopes at 298øK are predicted: 
sillimanite-andalusite, dP/dT = -12.3 bars øK-l; andalusite- 
kyanite; dP/dT = 13.0 bars øK-l; and sillimanite-kyanite, 
dP/dT = 20.1 bars øK-1. For comparison, the slopes pre- 
ferred by Holdaway [1971] at the same temperature are 
sillimanite-andalusite, -14.0; andalusite-kyanite, 14.2; and 
sillimanite-kyanite, 19.5 bars øK-1. 

In order to compare a triple point calculated from model 
data with triple points of other authors, it is necessary to 
know the free enthalpies of reaction or, alternately, inter- 
cepts of the equilibrium curves at some pressure and tem- 
perature. I have adopted intercepts of the phase boundaries 
at P = 0 from Holdaway [1971] (Figure 4). Adoption of the 
P - 0 intercepts avoids explicit consideration of AI-Si order- 
disorder and of curvature of phase boundaries. AS is as- 
sumed constant over the range of pressure and temperature 
considered. The heat of reaction (AH)ør, at the intercept 
temperature Ti is then implicitly given by 

Ti(AS)øT, = (AH)øT, (2) 

and a linear equation for a phase boundary becomes 

[TAS - AH ø] [T- T•]AS 
P = = (3) 

AV AV 

Holdaway's intercepts are 1043øK for the andalusite-silli- 
manite (A-S) boundary, 473øK for the kyanite-andalusite (K- 
A) boundary, and 599øK for the sillimanite-kyanite bound- 
ary. These intercepts, combined with model entropies, give 
rise to the following phase boundary equations: 

K-A 

A-S 

S-K 

P (bars) = 13.0[T(øK) - 473] 

P (bars) = - 12.3[T(øK) - 1043] 

P (bars) = 20.1[T(øK) - 599] 

When solved simultaneously, the equilibrium curves inter- 
sect each other as follows: A-S and A-K at 750øK = 477øC 

(P = 3.6 kbars), S-K'and A-K at 830øK = 557øC (P = 4.6 
kbars), and S-K and A-S at 769øK = 496øC (P = 3.4 kbars). 

As shown in Figure 4, a triangular region surrounding the 
Holdaway triple point is defined by the three model curves. 
Because the slopes oi:all three curves obtained from my 
model are independent, such good convergence toward a 



KIEFFER: THERMODYNAMICS AND LATTICE VIBRATIONS OF MINERALS, 5 833 

single point is actually quite remarkable. Note that the 
elongation of the 'triple point' is actually caused by near- 
parallelism of the kyanite-andalusite and kyanite-sillimanite 
curves. Thus this example shows that calculation of phase 
boundary slopes using only spectroscopic and acoustic data 
and calculation of the phase boundary position using some 
measure of heats of reaction gives mineral stability fields 
that are in good agreement with those obtained by other 
methods, even for polymorphs such as those of A12SiOs with 
relatively small free-energy differences. 

Stability of Albite 

Finally, consider use of the model for computing condi- 
tions for the reaction 

NaA1Si308 = NaA1Si206 + SiO: 

Experimental determinations of this phase boundary [Birch 
and LeComte, 1960; Newton and Smith, 1967; Hlabse and 
Kleppa, 1968; Boettcher and Wyllie, 1969; Johannes et al., 
1971; Essene et al., 1972; Hays and Bell, 1973; Holland, 
1980] suggest isobaric differences in equilibrium temperature 
of the order of 300øK at the higher pressures, or isothermal 
differences of the order of 7 kbar (Figure 5). Curves calculat- 
ed from calorimetry have an uncertainty of about 1 kbar, 
largely due to an uncertainty of about 0.5 cal mol -• øK-• in 
albite and jadeite entropies [Openshaw, 1974]. The phase 
equilibria are complicated by both the degree of ordering in 
albite (the low-high transition from ordered to disordered 
probably occurs at -< ---1000øK) and the low-high quartz 
transition (848øK). For this calculation, entropies of low 
albite and low quartz are used. 

The sensitivity of the equilibrium curve to small entropy 
variations can be seen by consideration of Figure 5. The 
solid curves represent three different equilibrium lines, each 
based on the same value of AH ø for the reaction, but different 
values of entropy for the phases. An equilibrium line calcu- 
lated with calorimetric data obtained for albite by Kelley et 
al. [1953] and calorimetric data for quartz and jadeite by 
Robie and Waldbaum [1968] is given as curve 1. An equilib- 
rium line with the more recent data on albite by Openshaw 
[1974] and the same data for quartz and jadeite is given as 
curve 2; and an equilibrium line calculated with the Open- 
shaw [ 1974] albite data and my model jadeite entropy values 
is shown as curve 3. The difference between curves 2 and 3 is 

caused by the fact that my model jadeite entropy at 298øK is 
0.6 cal mol -• øK-• lower than the calorimetric value listed in 
the work by Robie and Waldbaum [!968]- 

This equilibrium calculation can be used to illustrate how 
uncertainties in vibrational spectra affect the thermodynamic 
applications of the model to phase equilibria. The danger of 
not having adequate or accurate spectra is revealed by such 
an attempt. The two dashed curves, 4 and 5, in Figure 5 are 
equilibrium lines computed using model values of entropy 
for all three minerals. The top one (5) is calculated with the 
lowest optical mode of albite at 45 cm -1, as suggested in a 
far-infrared spectrum published by Kovach et al. [1975, p. 
249]. The bottom dashed curve (4) is one with the lowest 
optical mode taken at 92 cm -•, as reported by liishi et al. 
[1971] (this line is the strongest low-frequency line in the 
infrared spectrum of albite shown in Figure l d of paper 2). 
Model values of entropy at 298øK vary by 6 cal mol -• øK -• 
when these two values of lowest optical mode are used as 
lower limits of the optic continuum, and the slope of the 

== Birch 8• LeComte [1960] / ' 
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25- ,, Essene et a1.[1972]/ 
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Fig. 5. Measured and calculated phase boundaries for the 
breakdown of albite to jadeRe + quartz. Curves numbered 1-5 are 
discussed in text. 

equilibrium line changes by a factor of 2, accordingly. The 
lack of agreement between curve 4 and the experimental 
data suggested that the 92 cm -• line observed by liishi et al. 
[1971] was not the lowest-frequency mode. On the other 
hand, curve 5, based on a line at 45 cm -• appears to lie 
considerably higher than most of the reported data. I sus- 
pected that there might actually be an optical mode in the 
vicinity of 80 cm -• that would produce an albite model 
entropy such that the calculated phase boundary would 
agree with those boundaries determined from the calorimet- 
ric data of either Kelley et al. [1953] or Openshaw [1974] 
(curves 1 and 2). The infrared spectrum of albite (paper 2, 
Figure ld) has a slight band on the low-frequency shoulder of 
the 92 cm -• band. On the basis of the above hypothesis and 
this suggestion of the weak band in the infrared spectrum, 
we obtained a Raman spectrum on albite and found that 
there is, in fact, a pronounced Raman mode at 83 cm -1 (J. 
Delany, unpublished data, 1978). With this mode taken as 
the lowest optical frequency at K = 0 and reduced to 63 
cm -• at K = Kmax, the model entropy at 298øK is within 0.26 
cal mol -• øK -• of the value of Openshaw [1974], and the 
calculated equilibrium line is then nearly coincident with 
curve 1. The experimental data shown, except those of Birch 
and LeComte [1960], are consistent with a lowest optical 
mode frequency at K = 0 between about 85 and 65 cm -•. 
A!thn•.gh the spread of val•o• nf oq•ilihri•m implied by tho 
experimental data in Figure 5 could be due to a number of 
factors not considered here (variations in jadeite properties, 
experimental conditions), it is possible that they are due to 
actual variations in the albite structure that influence the 

vibrational spectrum and, therefore, the thermodynamic 
functions. For example, order-disorder effects, if reflected in 
variations in low-frequency spectral characteristics, could 
account for the scatter in experimental values. 

4. ISOTOPIC FRACTIoNATION 

Many interesting problems in isotopic thermometry await 
a theoretical model that can predict the energies of isotopic 
forms of minerals with sufficient accuracy to allow accurate 
calculation of isotopic fractionation factors. The energy 
changes in isotopic exchange reactions are of the order of a 
few calories per mole and are thus too small to be measured 
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calorimetrically [Clayton, 1981]. Direct measurement by 
exchange reactions is difficult, particularly at low tempera- 
tures, because the driving force for isotopic exchange reac- 
tions is small. Therefore experiments must frequently be 
performed at high temperatures, and the data obtained must 
be extrapolated to lower temperatures. In the range of 
temperatures of geologic interest, extrapolation laws are not 
well understood. Thus even if a theoretical model cannot 

predict fractionation factors to high accuracy, it might be 
useful in providing a basis for extrapolation of existing data. 
In this section I explore the application and limitations of 
this model to prediction of oxygen isotopic fractionation 
factors. 

Consider [after Urey, 1947] an isotopic exchange reaction 

aA + bB* = aA* + bB (4) 

where a and b are stoichiometric coefficients relative to the 

exchange reaction, A and B are molecules containing a 
common element being exchanged, and the asterisk indi- 
cates the molecule containing the heavy isotope. For exam- 
ple, in the following reaction between enstatite (px) and 
olivine (ol), 

(px) (ol) (px) (ol) 

-} MgSi1603 + • Mg2Si1804 --• -• MgSi1803 + • Mg2Si1604 

the equilibrium constant is [Clayton, 1981] 

(180/160) A (180/160)px 
K • • 

(180/160)B (180/160)ol 

As was shown by Urey [1947], the equilibrium constant is 
related to the free-energy change in the isotopic exchange 
reaction. From statistical mechanics, the equilibrium con- 
stant K for complete exchange of the isotopes is 

K = (QA*/QA) '• + (QB*/QB) b (5) 

Q is the partition function for the molecule and is given by 

Q = • e -e'/kt (6) 
i 

where Ei is the energy of the ith state relative to a rest state 
with no zero-point energy, k is the Boltzmann constant, and 
T is the absolute temperature. The summation is taken over 
all energy levels of the molecule, i. 

For a crystalline solid, in the harmonic approximation, 

Ei -' (n + «)hvi n = 0, 1, 2,''' (7) 

where h is Planck's constant and vi is mode frequency. 
Therefore 

3N-6 e-Xi/2 
Q= H (8) 

(1 - e -x') 
i=1 

where xi = hvi/kT, as in paper 3, and N is the number of 
atoms in the solid. 

In exchange reactions, it is ratios of the partition functions 
that are of interest: 

Q, 3N-6=3N e-X,*/2 (1 -- e -x') 
= I-[ (1 - e -x'*) e -x'/2 (9) Q i=1 

In the lattice dynamics approximation for crystalline solids, 

each primitive unit cell vibrates with the same normal modes 
(see paper 3). Thus a 'reduced' partition function ratio f can 
be defined for the unit cell; it is equivalent to the partition 
function originally defined for an ideal gas molecule by Urey 
[1947]: 

Q*' _Q*(m) 3r/2 f= Q, - Q •-• (10) 
where Q*' and Q' refer to the partition functions for a unit 
cell, Q* and Q refer to the partition functions for a crystalline 
solid, rn and m* are the masses of exchanging isotopes, r is 
the number of atoms being exchanged in the unit cell, and 
the product over 3N in equation (9) for Q*/Q becomes a 
product over 3s, the number of degrees of freedom in the 
primitive cell [Becker, 1971]. The reduced partition function 
ratio corresponds to an equilibrium constant for the ex- 
change reaction between the unit cell and its separated 
atoms. For convenience, the reduced partition function ratio 
is usually written in terms of natural logarithms as 
(1/r)1000 In f. Bigeleisen and Mayer [1947] showed that In f 
o• (1//) 2 as T--> o•; that is, there is no fractionation at high 
temperatures. At low temperatures, In f or 1/T [e.g., Hul- 
ston, 1978, p. 212]. 

The Helmholtz free energy of a material is related to the 
partition function by 

F = kTln Q (11) 

If the molecules A and B contain isotopes X and X*, the 
fractionation factor a of the isotopes is 

([X*/XI)ax•-AX: 
a = (12) 

([X*/XI)•Xm--•Xm* 

where [X*/X] denotes the ratio of the isotopes in the com- 
pounds subscripted. If the X isotopes are randomly distribut- 
ed in the unit cells, Epstein [1959] has shown that 

ot = K l/r (13) 

where r is the number of atoms of the element undergoing 
exchange in (4). From (11), 

Q* F* - F 
In • = (14) 

Q -kT 

Thus the partition function ratio or fractionation factor can 
be calculated directly from values of F and F*' 

F* - F 3r rn 
In f = + -- In (15) 

-kT 2 m* 

From papers 1 and 3, 

F = 3,qNAl3 + kr In {1 - [exp (-gto/kT)]}g(to) dto (16) 

where 

3NAn 

3nNAl3 = - Vo - « • gto (17) 
r=l 

In these equations I have switched from v to to to preserve 
the identities from paper 3. V0 is the potential energy of the 
equilibrium configuration of the crystal, the summation term 
is the zero-point energy term, to is the angular frequency, NA 
is Avogadro's number, g = h/2rr, n is the number of atoms in 
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the chemical formula of the compound, g(to) is the frequency 
distribution of normal modes, and toi is the highest lattice 
vibrational frequency. A similar equation holds for F* with 
the spectrum g(to) being replaced by g*(to) for the isotopical- 
ly heavy compound. 

The equations above, and the methods described below, 
could be applied to fractionation of many different isotopes 
such as those of oxygen, sulfur, and silicon. Further discus- 
sion, however, is restricted to oxygen-isotope substitution. 

The problem facing the theoretician is to specify the 
frequency distributions g(to) and g*(to) for isotopically light 
and heavy minerals. The most common approach to this 
problem has been one in which detailed lattice dynamics 
models are formulated, and force constants for the isotopi- 
cally light compounds are evaluated from spectroscopic and 
elastic-wave velocity data. The models are used to predict 
vibrational frequencies of isotopically heavy species (for 
example, see Bottinga [1968, 1969], Lambert [1975], Becker 
[1971], Kawabe [1978], Elcorobe [1974], Elcorobe and Hul- 
ston [1975], and Hulston [1978]). Such methods allow de- 
tailed treatment of individual minerals but have been limited 

in application because of their complexity. Taylor and 
Epstein [1962] showed that complex silicates show trends in 
fractionation that can be explained from knowledge of the 
types of oxygen bonds, and they were able to estimate •80 
values by linear combination of bond types. Sakai and 
Honma [ 1969] were able to calculate mineral-water fraction- 
ation factors for 10 minerals simply from examination of the 
Si-O modes without detailed knowledge of the spectra. 

In the approach that follows, I have adopted a model 
intermediate between detailed spectroscopic calculations 
and less detailed Si-O bond models. I assume that lattice 

vibrational spectra g(to) of isotopically light minerals can be 
approximated from spectroscopic and elastic data as de- 
scribed in papers 1-4. A hypothetical spectrum g*(to) is then 
generated for the isotopically heavy mineral from a set of 
rules (given below) describing expected frequency shifts for 
different types of vibrational modes upon substitution of a 
heavy isotope into the mineral structure. The required 
integrations and normalizations to (15) and (16) can then be 
performed to give the reduced partition function ratio (1000 
In f) or, with an assumed partition function for water, a 
mineral-water fractionation factor, (1000 In a). The method 
assumes that vibrational modes are describable in terms of 

fairly simple atomic motions. While this has been a common 
practice in spectroscopy, it is certainly not a universally 
accepted practice, and as spectroscopic knowledge of indi- 
vidual minerals accumulates, mode assignments tend to 
become more complex. 

Rather than approximating the spectrum of an isotopically 
light mineral by a series of Einstein oscillators, as has been 
common in previous models cited above, I have used a 
refinement of the model proposed in papers 3 and 4, subdi- 
viding the spectrum of each mineral considered into various 
groups of vibrational modes characteristic of the minerals, as 
shown schematically in Figure 6. In general, I have used 
more detailed approximations to the mineral spectra for the 
purpose of calculating isotopic fractionation factors than I 
did for calculation of thermodynamic variables and phase 
equilibria. This greater detail is necessary in order to identify 
and isolate modes that might have common frequency shifts 
upon isotopic substitution. The heavy line in Figure 6 
represents the spectrum of an isotopically light mineral. The 
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Fig. 6. Schematic vibrational spectra used for the isotopically 
light mineral (heavy bottom line) and the isotopically heavy mineral 
(light upper line). 

major groups of vibrations identified for each silicate mineral 
are (in approximate order of decreasing frequency) (1) 
tetrahedral antisymmetric stretching modes, denoted as 
and t,3 in the vibrations of an isolated tetrahedron, (2) 
symmetric stretching modes, often termed 'bridging defor- 
mations,' (3) tetrahedral bending modes, (4) polyhedral, Si- 
O, and cation-oxygen 'deformations,' and (5) acoustic 
modes. Acoustic modes are represented as in papers 3 and 4 
by one longitudinal and two shear modes which are assumed 
to obey a simple sine dispersion law between wave vector 
and frequency. Optic modes are represented in two ways: (1) 
where justified and possible, by Einstein oscillators, for 
example, for Si-O stretching modes, internal carbonate 
modes, and hydroxyl stretching modes, and (2) by an optic 
continuum or segmented continua as shown in Figure 6. The 
number of modes of each type and their frequency or 
frequency range must be specified from data in the spectros- 
copy literature, or, too often, from interpretation or extrapo- 
lation of these data. As will be demonstrated below, applica- 
tion of the model is often limited by lack of spectroscopic 
data, or by lack of mode assignments to existing data, and 
much more data and interpretation are needed. 

Once these groups of modes have been defined and 
enumerated for the isotopically light mineral, a frequency 
shift for each group of modes must be determined to give a 
hypothetical spectrum of the isotopically heavy mineral. 
Such a shifted spectrum is shown schematically in the upper 
part of Figure 6 (light line). Note that different modes may be 
shifted by different amounts: for substitution of oxygen 
isotopes, the frequency may not shift if the modes do not 
involve displacement of oxygen atoms, whereas the frequen- 
cy may decrease as much as 94.3% [= (16/18) u2] if the modes 
involve only motions of oxygen atoms. 

Because normal mode frequencies and deformation types 
depend in detail on the geometry of the vibrating unit or 
cluster, a detailed calculation of the effect of isotopic substi- 
tution in principle requires a detailed model of force con- 
stants for lattice vibrations. However, as shown in papers 1- 
4, a useful approximation is that the vibrations of individual 
clusters of atoms can be enumerated and characterized. 

Herzberg [1945, pp. 227-238] discussed models for the 
vibrations of isolated molecules of the form XY2, XYZ3, and 
XY4. These models give solutions for frequency that can be 
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TABLE 2. Frequency Decreases Assumed for Silicates When 160 Is Replaced by •80 

Mineral Class 

Antisymmetric Symmetric Bending, 
(Si, A1)-O ,(Si, A1)-O-Si Distortion, 

Stretch Stretch Other 

(Rule 1) (Rules 2, 5) (Rules 3, 5) 
Acoustic 

(Rule 4) 

Framework 

Sheet 
Chain 
Orthosilicates 

0.96 0.99 for those HT limit a 
identified; HT 
limit for those at 

low frequency 
(see text) 

0.96 0.99 HT limit 
0.96 0.99 HT limit 

v• - 0.943 not present bending 
v3 - 0.977 modes, 0.95 

other: HT limit 

(M/M*) •/2t' 

(M/M*) •/2 
(M/M*) •/2 
(M/M*) •/2 

aHT limit (high-temperature limit)' see equations (20) and (21) and discussion. 
t'M is the formula weight; the asterisk denotes the isotopically heavy mineral. 

used to estimate the dependence of frequency on atomic 
mass of various atoms in the cluster. Although complete 
solutions for frequency shifts of clusters of all compositions 
imaginable in minerals are currently beyond reach, Herz- 
berg's calculations and considerations of end-member types 
of vibrations can be used to provide an estimate of the 
expected shifts in those cases where the vibrations are fairly 
well isolated in frequency, for example, for Si-O antisym- 
metric stretching modes and for internal modes of the 
carbonate ion. 

For vibrational modes not well approximated by the 
vibrations of an isolated cluster, various considerations were 
used to construct the rules presented below for frequency 
shifts. The advantage of these rules is that they can be 
applied uniformly to a wide variety of minerals having 
different structural and compositional characteristics. The 
set of partition functions thus obtained is internally consis- 
tent, but values will change as more is learned about the shift 
factors or as spectra are treated with higher resolution or 
more detail. The disadvantage of these rules is that they are 
not based on detailed consideration of the atomic structure. 

Frequency Shifts Upon Isotopic Substitution: 
A Simple Set of Rules for Silicates 

Groups of modes treated separately are listed in Table 2. 
Although various groups of modes can overlap in frequency 
(as discussed, for example, in paper 4), such overlaps 
generally involve only a few modes and are largely ignored 
here for simplicity; one exception is Si-O symmetric stretch- 
ing modes discussed below. For reasons that will become 
clear at the end of the section, the modes are discussed 
below in the order (1) antisymmetric stretching modes, (2) 
symmetric stretching modes, (3) bending modes, (4) acoustic 
modes, and (5) other deformational modes. 

Rule 1 (antisymmetric (Si, Al)-O stretching modes): If v• 
and v3 modes can be separately identified and enumerated, 
their frequencies are assumed to decrease by 0.943 and 
0.977, respectively, upon substitution of •80 for •60. If they 
cannot be separately enumerated, an average shift of 0.96 is 
used for the antisymmetric modes. 

The (Si, Al)-O antisymmetric stretching modes are those 
called v• and v3 when they can be identified in isolated 
molecules or orthosilicates. In relatively isolated molecules, 

the shift of v• is very simple [Herzberg, 1945]' 

__ = t16m) 1/2 /•1 [ 18m /•1 * 
= 0.942809 --• 0.943 (18) 

The shift of v3 is more complex, depending not only on the 
relative masses of oxygen isotopes, but also on the relative 
shift of the v4 (bending) mode. Herzberg's [1945, p. 182] 
valence-force model can be used to derive a set of simulta- 

neous equations for Vl/Vl*, v2/v2*, v3/v3*, and vn/v4*. These 
equations can be solved for v3/v3* if the ratios Vl/V2 and v3/v4 
of isotopically light minerals are known. These two ratios 
vary in minerals because they depend on cation masses and 
force constants (note that this fact shows the weakness in the 
assumption that molecular clusters can be treated as isolated 
clusters). Values of Vl = 819, v2 = 340, v3 = 956, and v4 = 
527 cm -1 [from White, 1975, p. 328] are typical, although the 
spread of proposed values may be as much as 200 cm -1 for 
any one mode. With these values, the calculated ratio v3/v3* 
is 0.977, and this value is used throughout this paper. For 
orthosilicates I assumed that the ratio of the number of v3 to 
Vl modes was 3' 1, as it would be for an isolated tetrahedron. 

For silicates in which the tetrahedra are partially to 
completely polymerized, separate identification of the anti- 
symmetric vibrational modes as Vl and v3 is not possible, or 
perhaps, even meaningful. Therefore a general rule for 
calculation of the shift of Vl and v3 antisymmetric mode 
frequencies resulting from 180 substitution cannot be given 
for polymerized silicates. However, a few data do exist. A 
shift of 0.96 was observed experimentally for these modes in 
thin films of vitreous silica [Ligenza and Spitzer, 1960]. 
Kawabe [1978] gave a detailed model for oxygen-isotope 
fractionation in quartz, and the weighted average of his 
calculated shifts of these modes is 0.9575. Therefore it is 

probably reasonable to assume a shift of 0.96 for the 
antisymmetric stretching modes of SiO4 -4 tetrahedra for the 
framework silicates. It is assumed to be the same for AlO4 -5 
tetrahedra. No data exist to test the validity of this assumed 
shift for silicates of intermediate polymerization. However, 
the fact that the weighted averages of the Vl and v3 shifts for 
isolated tetrahedra and polymerized tetrahedra are so similar 
suggests that values near 0.96 should apply to the Si-O-Si 
antisymmetric stretching modes rather independently of 
degree of polymerization of tetrahedra. 
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Rule 2 (symmetric (Si, Al)-O-Si stretch): The frequency 
shift of symmetric (Si, AI)-O-Si stretching modes upon 
substitution of •80 for •60 is taken to be 0.990, for those 
modes involving mainly Si motion; some modes, by acci- 
dents of mineral symmetry, become deformational modes 
and must be treated differently. 

In minerals containing bridging oxygens, there are some 
Si-O-Si stretching modes whose deformations involve pri- 
marily motion of Si; these are usually called symmetric Si-O- 
Si or Si-Si stretching modes in spectroscopic assignments. 
The method of enumerating these modes was given in paper 
4; I assume that one symmetric Si-O-Si stretch exists for 
each Si-O-Si bond. 

In the quartz spectrum, five of the six expected modes 
have been found between 697 and 807 cm -• [Lippincott et 
al., 1958; Becker, 1971]: at 807, 795, 778, and 697 (doubly 
degenerate) cm -•. These modes should show very little 
frequency shift upon substitution of oxygen isotopes. Al- 
though no data are available on quartz, the same modes are 

present in vitreous silica, and the spectral data of Ligenza 
and Spitzer [1960] show a frequency shift of only 0.9868 
upon substitution of oxygen isotopes. I have rounded this to 
0.990 in my model. 

The sixth Si-O-Si deformational mode in quartz becomes 
an O-Si-O deformation or Si-O bending mode at an anoma- 
lously low frequency, 466 cm -• [Moenke, 1974, p. 366], 
because motion of Si is not permitted in the A• species to 
which this mode belongs. Kawabe [1978, p. 616] calculated a 
shift of 0.945 for this mode; I placed this mode in the 
continuum with other distortional modes (between 90 and 
550 cm-•; Table 3) and determined the shift for this group 
from the high-temperature product rule (discussed below). 
The average shift for this group is 0.949917 -• 0.950, which 
gives a shift for this one mode in good agreement with that 
calculated by Kawabe. 

In the feldspars, 16 (Si, Al)-O-(Si, Al) symmetric stretch- 
ing modes would be ,expected. According to Lazarev [1972, 
p. 182], eight should be infrared active, and he finds these 
eight to be between 500 and 800 cm-•; these frequencies, as 

TABLE 3. Range of Modes, q, and Frequency Shift Assumed for Calculations of Oxygen Isotope Fractionation 

Vs Si-O-Si or, 
for Orthosilicates, Si-O 

Vas Si-O Bending Modes Lattice Distortion 

Mineral Range q Shift Range q Shift Range q Shift Acoustic 
697-809 0.1852 0.99 90a-550 ø 0.4817 0.949917 Quartz 1200 0.074 

1162 0.037 0.96 
1117 0.074 
1080 0.037 

Albite 1010 0.051 0.96 720-780 0.1025 0.99 500-650 0.1025 0.961462 
1123 0.154 0.9• 0.1025 0.99 and 0.970797 

63-476 0.5515 0.961462 
Anorthite 960 0.051 0.96 666-770 0.1025 0.99 460-620 0.1025 0.961367 

1070 0.154 0.96 and 0.972429 
85-410 0.5515 0.961367 

Muscovite 3633 0.032 0.996 700-900 0.095 0.99 91-620 0.6902 0.963671 
|000 0.159 0.960 0.971170 

Clinoenstatite 1000 0.100 0.960 650-750 0.067 0.99 170-563 0.683 0.964254 
900 0.100 0.960 0.971398 

Diopside 1000 0.100 0.96 610-710 0.067 0.99 128-557 0.683 0.963853 
900 0.100 0.96 0.973328 

Pyrope 975 0.15 0.977 450-630 0.25 0.95 115-450 0.5375 0.971167 0.971503 
875 0.05 0.943 

Grossular 950 0.15 0.977 450-619 0.25 0.95 152-450 0.5375 0.971100 0.974379 
850 0.05 0.943 

Andradite 925 0.15 0.977 450-589 0.25 0.95 116-450 0.5375 0.971035 
825 0.05 0.943 0.977192 

Zircon 974 0.055 0.943 400-608 0.275 0.95 185-400 0.4217 0.962066 0.971503 
1000 0.!00 0.977 
885 0.055 0.977 

Forsterite 930 0.142 0.977 420-650 0.238 0.95 128-420 0.5363 0.973624 0.972710 
837 0.048 0.943 

Rutile 824 0.167 0.96 450-500 0.222 0.990 80-450 0.389 0.940418 0.975871 
610 0.055 0.96 

0.968246 

Internal Carbonate Modes External Modes External Modes 

Mineral Range q Shift Range q Shift Range q Shift Acoustic 

Calcite c 1460 0.133 0.9837 300-387 0.100 0.970 200-325 0.200 0.982260 0.971311 
1070 0.067 0.9427 and 
881 0.067 0.9888 77-200 
712 0.133 0.9476 0.200 0.943 

aLower limit of optic continuum cited is that at K = K .... This corresponds to the lowest IR or Raman mode at K = 0 modified by an as- 
sumed dispersion curve across the Brillouin zone as discussed in paper 3. 

bKma x from Elcorobe [1967]. 
CData for calcite partially from Bottinga [1968]. 
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well as the antisymmetric (Si, A1)-O stretching frequencies, 
are lower than the corresponding frequencies in quartz 
because the substitution of AI for Si into the structure lowers 

its rigidity and, hence, vibrational frequencies. Iiishi et al. 
[1971] further subdivide these modes into Si-Si or Si-AI(Si) 
stretching between 720 and 780 cm -• and O-Si(AI)-O bend- 
ing between 500 and 650 cm-•. The diagrams shown by Iiishi 
et al. for vibrational modes suggest that the symmetric (Si, 
AI)-O-(Si, AI) vibrations of feldspars resemble those of 
quartz: The ones between 720 and 780 cm -• involve mainly 
motion of silicon, whereas those at the lower frequency 
involve considerable motion of oxygen and, in fact, merge 
into other types of deformational modes. Accordingly, I 
have taken half of the (Si, AI)-O-(Si, AI) symmetric stretch- 
ing modes of feldspars to lie in the higher-frequency group 
(720-780 cm -• for albite; 666-770 cm -• for anorthite) with a 
shift of 0.99. I have taken the other half at lower frequencies 
(500-650 cm -• for albite; 460-620 cm -• for anorthite) com- 
bined with other deformational modes and have determined 

their frequency shift by the high-temperature product rule 
discussed below. 

Rule 3 (Si-O bending modes in orthosilicates): If the Si- 
O bending modes in orthosilicates can be identified and 
enumerated, their frequency shift upon substitution of 180 
for •60 is taken to be 0.95. 

In orthosilicates the Si-O bending modes of isolated tetra- 
hedra can be identified and enumerated. The isolated tetra- 

hedron has 1.25 times as many bending modes (v2 + v4) as 
antisymmetric stretching modes (//1 •t_ //3). The same relative 
proportions are used here. Consideration of deformation of 
an isolated tetrahedron indicates that •*/• = 0.943 and v4*/ 
v4 - 0.949 [Herzberg, 1945]. The weighted average shift for 
the modes would be 0.947. A value of 0.95 was adopted for 
this model. This shift is very large because the bending 
modes for an isolated tetrahedron involve principally the 
motions of oxygen (remember that the maximum possible 
shift is 0.943 for modes involving only motions of oxygens). 
If the motions of oxygen are hindered either by interactions 
with the cations or by polymerization of the bonds, the shifts 
should be less; indeed, the only data available on a frame- 
work silicate, vitreous silica [Ligenza and Spitzer, 1960], 
give a value of 0.966 for the bending modes. 

Rule 4 (acoustic modes): The ratio of frequencies upon 
substitution of •80 for 160 is taken to be proportional to the 
square root of the ratio of the mean molecular masses. 

The lowest-frequency modes, the acoustic modes, are the 
last group of modes for which a frequency shift can be 
estimated on empirical or theoretical considerations. At long 
wavelengths the fundamental vibrating unit is the primitive 
unit cell, and, by analogy with the vibrations of a monatomic 
chain (paper 1, equation (20)), the ratio of acoustic frequen- 
cies of isotopically heavy and light minerals is w*/w = (M/ 
M*) •/2, where M denotes the total mass of the unit cell or, in 
the ratio of masses, can be taken to be the formula weight. 
The mineral molar volume, which is required for calculation 
of the acoustic mode frequencies (equations (8), paper 3), is 
assumed to decrease linearly with the molecular-mass ratio. 

Rule 5 (remaining undifferentiated modes): The frequen- 
cy shift of the remaining modes upon substitution of •80 for 

•60 is determined from the high-temperature product rule 
that requires that the fractionation go to zero at high 
temperatures. 

The groups discussed above account for roughly 40-50% 
of the modes of typical silicates. The remaining modes are of 
several types: lattice deformations and distortions, polyhe- 
dral deformations, tetrahedral bending modes, and, in some 
minerals, OH-bending or librational modes. The shift to be 
applied to this remaining group of modes is not arbitrary. 
Because fractionation is required to approach zero at high 
temperature, frequency shifts must obey the high-tempera- 
ture product rule [Becker, 1971], derived from (9) and (10) by 
taking the high-temperature limit: 

3s Xi (••__)3r/2 .= xi* 
(19) 

where s is the number of atoms per unit cell, r is the number 
of atoms being exchanged in the isotopic reaction, m is the 
mass of the exchanging atom, and the asterisk denotes the 
heavy isotope. This rule can be rewritten as 

3s 3r 

• in (xi/xi*) - -•-In (m*/m) 
i=1 

(20) 

If the spectrum is broken into parts containing a, b, c, d, ß ß ß 
modes, each part having a common frequency shift (i.e., xi/ 
xi* = const Ka, Ko, Kc, Ka, '''), then this equation 
becomes 

alnKa+ blnKo+ c ln Kc + d ln Ka + ''' 

3r 
= -- In (m*/m) (21) 

2 

Thus if all weighting factors a, b, c, d, ß ß ß are known and if 
all shifts but one (e.g., Ka) are known, the unknown shift can 
be obtained from the above equation, This approach was 
used by Becker [1971] to determine the relation between the 
shift assumed for the acoustic modes and that of the lowest- 

frequency optic modes for quartz. It is used here to deter- 
mine the shift of the modes remaining after identification of 
all others by the procedures described above. 

The spectral shifts used for the minerals are summarized 
in Table 3. The shift shown to six decimal places (other than 
the acoustic mode shift) is the shift determined by the high- 
temperature rule; this degree of accuracy is necessary to 
ensure convergence in the numerical results. 

Calcite was included in this study in order to compare this 
model with the previous calculations of Bottinga [1968]. For 
this comparison, the shifts of all modes except 20% between 
200 and 325 cm -• were taken to be similar to Bottinga's 
shifts; the shift of the modes between 200 and 325 cm-1 was 
determined by the high-temperature product rule. As Bot- 
tinga derived shifts for these modes in a different way, this 
comparison provides a test of the use of the high-tempera- 
ture product rule for representing average shifts. Four 
internal modes of the carbonate ion were identified and 

considered as Einstein oscillators://• at 1070 cm -• //3 at 1460 
cm -1 v2 at 881 cm -• and //4 at 712 cm -• From the 
Herzberg [1945, p. 177] model for the carbonate ion and the 
observed frequencies given above, one can calculate a 
theoretical shift for the internal mode frequencies of an 
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Fig. 7. Reduced partition function versus 1/T 2 (bottom axis) or T (top axis); r is the number of exchangeable 
oxygens in the unit cell of the mineral. The heavy curve labeled H20(/) is the reduced partition function of 'liquid' water 
from Becker [1971]. The dashed curve shows a T -2 extrapolation of the high-temperature quartz curve to emphasize the 
curvature of the curves at low temperature. The mineral abbreviations are as follows: Qtz (quartz), Calc (calcite), Albt 
(albite), Musc (muscovite), Enst (clinoenstatite), Anor (anorthite), Diop (diopside), Pyrp (pyrope), Gros (grossular), 
Zrcn (zircon), Fors (forsterite), Andr (andradite), and Rutl (rutile). 

isolated carbonate ion upon substitution of •80: v•*/v• = 
0.942809, v2*/v2 = 0.988826, v3*/v3 = 0.99063, and v4*/v4 = 
0.941093. Bottinga, using a more detailed model, obtained 
very similar values: v•*/v• = 0.942682, v2*/v2 - 0.988797, 
v3*/v3 - 0.983664, and v4*/v4 - 0.941093. Therefore, to 
simplify comparison of my model with Bottinga's work, I 
used the latter values, because the major differences be- 
tween our two models are in the remaining part of the 
spectrum. This remaining part of the calcite spectrum was 
divided into three regions. From 99 cm -• (at K = 0) to 200 
cm -•, modes involve only motions of the oxygens about the 
central carbon atoms, which remain stationary [see White, 
1974, p. 231 ]. I therefore assumed that the frequency shift is 
(16/18) u2 = 0.943; Bottinga found a similarly large shift for 
most of these modes. Near 300 cm -• (300-387 cm -• if 
longitudinal and transverse frequencies are included), three 
modes v6 and v8 (doubly degenerate) exist [White, 1974, p. 
233], and all involve opposing motions of the calcium atoms 
and carbonate ions, in either compression or shear. I as- 
sumed that the frequencies of such modes might scale with 
the square root of reduced mass of the calcium atom and the 
carbonate ion; this assumption would give a shift of 0.982. 
Bottinga's average shift for these three modes was 0.970. 
The latter value was used. The shift of the remaining modes 
between 200 and 325 cm -• was determined from the high- 
temperature product rule, equation (21) above, to be 
0.982260. 

Results 

The results of the model are shown in several ways in 
Figures 7 and 8 and in Table 4. In Figure 7 the reduced 
partition function, 1/r 1000 In f, is plotted against 1/T 2. In 
Figure 8 the fractionation between quartz and the other 
minerals studied is plotted against 1/T 2. In Table 4, values of 
the mineral-water fractionations at 298 ø and 1000øK are given 
and compared with experimental data where available. Val- 
ues of the reduced partition function of water used for this 
calculation are those of Becker [1971, p. 52]: at 298.16øK, 
1000 In f is 70.81, and at 1000øK it is 11.55. 

The model predicts correctly that the reduced partition 
function of the minerals changes systematically with struc- 
ture, as first explained by Taylor and Epstein [1962]. For 
anhydrous silicates, it decreases in the order framework, 
chain, and orthosilicates as shown in Figure 7. This order 
reflects the decreasing frequency of the antisymmetric Si-O 
stretching modes with this structural progression. Calcite 
has a high reduced partition function because of the high 
frequencies of the internal carbonate ion; rutile has a low 
partition function because of the low frequencies of the Ti-O 
modes. 

In detail, the relative order of the reduced partition 
functions is slightly different from those orders determined 
by experiment, but the differences only occur where differ- 
ences in the reduced partition function are of the order of 
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Fig. 8. Fractionation factors between quartz and the minerals indicated (abbreviations are the same as in Figure 7) 
versus 1/T 2. 

1%o. For example, the order predicted by the model at 298øK 
is quartz > calcite • albite > muscovite > enstatite 
anorthite, whereas Taylor [ 1974, p. 846] gives quartz > albite 
> calcite for the first three. At 800øK, just below the a-/3 
quartz transition, the model predicts the order quartz 
calcite > albite -- muscovite > anorthite > enstatite, where- 
as at high temperatures, Taylor gives quartz > calcite 
albite > muscovite --- anorthite. One difference is the value 
of quartz relative to calcite, and this could be accounted for 
by the a-/3 phase change, not considered in the model. This 

phase change would raise the reduced partition function of 
quartz in relation to the other minerals [Kawabe, 1978], 
bringing the predicted values into better agreement with 
Taylor's sequence. 

It has been demonstrated that crossovers in fractionation 
factors in chemical compounds can occur [Stern et al., 
1968], but they generally do not occur in sets of minerals of 
comparable composition (e.g., anhydrous silicates carbon- 
ate•) because of the regularity in behavior of vibrational 
modes with degree of polymerization of the Si-O bonds and 

TABLE 4. Calculated and Experimental Mineral-Water Fractionation Factors at 298 ø and 1000øK 

298øK 1000OK 

Mineral Model Experimental" Model Experimental 
Quartz 30.9 30-34 NA t' NAt' 
Calcite 28.1 28 -0.2 -0.2 
Albite 27.2 29-30 -0.7 -0.5 -• - 1.0 
Muscovite 23.1 17-23 -0.3 - 1.0 -• - 1.5 
Clinoenstatite 18.3 - 2.2 
Anorthite 17.9 19-21 - 1.9 - 1.7 -• -2.0 
Diopside 14.1 - 2.6 
Pyrope 13.8 -2.9 
Grossular 12.7 -3.0 . . .'c 
Zircon 11.4 - 3.0 
Forsteritc 9.1 - 3.4 
Andradite 8.2 - 3.5 .... 
Rutile - 12.0 -5.6 -3.1 

aData from either Friedman and O'Neil [ 1977], Taylor [1974], or Taylor and Coleman [ 1968]. 
t'NA is not applicable because of a-/3 transition. 
CFriedman and O'Neil [1977] give 1000 In a for grossular-H20 and andradite-H20 as -1.6 and 

-3.28, respectively. This model gives -3.6 and -4.2, respectively. 
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the monotonic dependence of the partition functions on this 
behavior. This model suggests that crossovers in fraction- 
ation factors of small magnitude can occur between pairs of 
structurally dissimilar minerals: for example, the small 
crossover between enstatite and anorthite around 325øK, 
between muscovite and albite around 800øK, and between 
calcite and muscovite at about 1100øK. The temperatures at 
which these crossovers occur cannot be accurately predicted 
because the curves intersect nearly tangentially. Kyser 
[1979] has reported a crossover between olivine and pyrox- 
ene at --• 1200øC; there is no indication of such a crossover in 
the results of the model used here, and effects other than 
fractionation resulting from the harmonic properties of lat- 
tice vibrations need to be considered, such as anharmonicity 
or nonequilibrium effects. 

The model also shows that at high temperatures the 
reduced partition function is proportional to 1/T 2 as demon- 
strated by Bottinga and Javoy [ 1973]. However, below about 
700øK the reduced partition function for all minerals is less 
than would be predicted by the 1/T 2 trend. Accurate extrap- 
olation of high-temperature data toward ambient conditions 
(273øK) must account for this curvature. For an example of 
the magnitude of the curvature effect, a difference of 20%o 
from the calculated value at 298øK would be obtained by a 
strict 1/T 2 extrapolation of the high-temperature quartz 
values. 

As can be seen from Table 4, the quantitative agreement of 
the predicted values with data is good, except for anorthite 
at low temperature and rutile at high temperature. Quantita- 
tive uncertainties cannot be placed on a model of this type, 
which is subject to a large amount of data interpretation. My 
impression is that relative fractionation values for minerals 
that are structurally and chemically very similar (such as the 
albite-anorthite relations, the garnet relations) are reliable 
because the spectral trends are systematic, but that a larger 
uncertainty is associated with structurally dissimilar materi- 
als because of the difficulties in assigning mode frequencies 
and numbers to different types of minerals. On the basis of 
Table 4, I would suggest that at 298øK, differences in pairs of 
mineral-water fractionations are accurate to -+ 1%o for struc- 

turally similar minerals and _+2%o for structurally dissimilar 
minerals. 

5. EFFECT OF PRESSURE ON THE THERMODYNAMIC 

FUNCTIONS 

The influence of pressure on thermodynamic properties of 
solids becomes important at mantle and core pressures. 
Prediction of phase boundaries at these pressures, reduction 
of shock wave Hugoniots for isothermal and adiabatic physi- 
cal parameters, and prediction of many physical properties 
at high pressures are examples of problems that require 
estimation of the effect of pressure on such properties as 
heat capacity and free energy. 

The following discussion is restricted to the harmonic 
approximation of the thermodynamic functions. At low 
pressures, anharmonic effects are small, but anharmonic 
behavior is expected to be more significant at high pressure 
because interatomic distances are reduced. With treatment 

of total free energy of an atomic system as a perturbation 
expansion of the harmonic energy, such as that presented by 
Wallace [1972, chapter 4], supplementation of the harmonic 
results discussed here with an additive anharmonic correc- 

tion might be possible. At present, this requires more 
information than is generally available for many minerals. 

Griineisen Parameters 

The harmonic thermodynamic properties change as a 
function of pressure because lattice vibrational frequencies 
shift as a result of compression. A frequently used theory is 
that of Gr•ineisen [1912, 1926], in which the vibrational 
frequencies vi are assumed to shift as volume according to 

,/i = -0 In l•i/C3 In V (22a) 

or 

v/vo = (Vo/V) • (22b) 

The quantity •,• is referred to as the 'mode Griineisen 
parameter' of the lattice vibration at frequency v•. Many 
other definitions of the Grtineisen parameter can be found in 
the literature, and one problem with application of the 
thermodynamic model of these papers to high-pressure 
problems is a proper choice of a Grtineisen parameter or 
parameters to be applied to the assumed lattice vibrational 
spectra. 

If the lattice vibrational spectrum of a mineral were well 
approximated by a Debye spectrum, then Debye theory 
would allow a simple calculation of the effect of pressure on 
the thermodynamic properties, because a single Griineisen 
parameter, •'a½, would be appropriate; effects of pressure, 
temperature, and wave vector on • would be ignored, and 
compressional and shear wave velocities would be averaged 
into a mean velocity. The change in the characteristic Debye 
frequency vo resulting from volume change would be as- 
sumed to be given by 

0 In vo 0 In 0o 
•a½ = -- (23) 

0 In V 0 In V 

The Gr•neisen parameter appropriate here is an acoustic 
mode Gr•neisen parameter obtained from spatial averages of 
the individual ,/• for the acoustic branches (denoted '/s and 
'/v) [e.g., Anderson et al., 1968, p. 498]. With this assump- 
tion, the characteristic Debye frequency or Debye tempera- 
ture changes with volume according to 

•0-•-] (24) 
A Murnaghan equation of state is commonly used to relate 

the volume change to the pressure change: 

P = • - 1 (25) 
n 

where Br = - V(OP/O V)r and n = (OB•/OP)z. (This temporary 
use of the symbol n as a derivative in the Murnaghan 
equation should not cause confusion with its general use 
throughout these papers as the number of atoms in the 
chemical formula.) For example, for periclase, Bz = 1600 
kbar, n = 4.5, and at 1000 kbar, Vo/V = 1.35. These values 
give 0o/0o ø = 1.56; thus if 0o ø = 950øK, 0o = 1430øK at 1000 
kbar. The value of Cv* at 298øK and 1000 kbar is 0.59 of that 
at 1 bar. For corundum, the decrease would be to 0.85 of the 
1-bar value and, for (metastable) quartz, to 0.86 of the 1-bar 
value. 

As was discussed in papers 1-4, a Debye spectrum does 
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not represent the lattice vibrational spectra of most minerals 
with sufficient accuracy to be useful in problems of current 
interest. On the other hand, it is not generally possible to 
specify the real lattice vibrational spectrum, including the 
dependence of normal mode frequency on temperature, 
pressure, and wave vector. Analogously, although a single 
Grfineisen parameter is not likely to describe the volume 
dependence of the vibrational spectrum, it is not practical to 
specify a Griineisen parameter for each of the 3s modes and 
to specify its dependence on temperature and wave vector. 
Therefore it is necessary to find a description of the way that 
lattice frequencies change with compression that is more 
accurate than permitted by Debye theory and the elastic 
Grfineisen parameter discussed above, yet is feasible within 
the context of limited data on the pressure dependence of 
vibrational spectra. 

The work described in these papers has demonstrated that 
vibrational spectra have at least three distinct parts--acous- 
tic modes at low frequencies, optical continuum modes at 
intermediate frequencies, and stretching modes at high fre- 
quencies-that represent very different deformational styles. 
One might reasonably expect that these different groups of 
modes might respond differently to compression, that is, 
might be characterized by different Griineisen parameters. 
For example, as a crystal is initially compressed, the 'soft' 
(distortion) modes might change frequency quite drastically 
(•/i large), whereas the 'hard' (stretching) modes might be 
relatively unaffected (7i • 0). In fact, as will be discussed 
below, this behavior has been observed in spectra of quartz, 
olivine, orthopyroxene, and garnet taken at high pressure. 
Thus I have attempted to formulate a theory that will 
describe the response of the three parts of the vibrational 
spectrum--acoustic, low-frequency optic, and high-frequen- 
cy optic--to compression. The method of extension of this 
treatment to more types of modes is obvious. 

In order to formulate the parameters of such a theory, 
assume, after Griineisen [1926], that a set of parameters, 3'i, 
describes the changes of mode frequencies with volume 
according to (22a) and (22b) above. The calculation of these 
mode Grtineisen parameters and their averages has been a 
subject of much controversy (Born [1923], Barron [1955, 
1957], Schuele and Smith [1964], Anderson [1968], Knopoff 
and Shapiro [1969], Shaner [1973], Demarest [1974], Ander- 
son [1974], Mulargia and Boschi [1978], Demarest [1980], 
Mulargia [1980], and many others). In the quasi-harmonic 
approximation adopted here (in which normal mode frequen- 
cies depend on volume, but not explicitly on temperature), 
individual mode frequencies can be averaged according to 

1 3s 

•/= •vv '••l 3•,Cv, (26) 
Each mode has a characteristic •/i, and, in principle, the •/i 
are functions of the magnitude and direction of the wave 
vector K. Because this dependence is not known and be- 
cause the model does not invite such intricacy, the depen- 
dence of Yi on K is ignored. Wallace [1972, sections 32, 34] 
discussed this dependence briefly and gave calculated values 
of •/i as a function of K for sodium and potassium; no 
experimental data exist to compare with calculated curves. 
For consistency with previous assumptions, I assume here 
that the mode Grfineisen parameters 3•i, as well as the lattice 
vibrational spectrum g(to), are independent of temperature. 

(The reader is reminded of the discussion in paper 2 of the 
vibrational spectrum of rutile which has at least one highly 
temperature-dependent mode.) $haner [1973] discussed the 
temperature dependence of •/i for rutile; the temperature 
dependence of •/i has also been discussed by a number of 
authors cited above. 

Slater [1939] has demonstrated that 

'• = '}/thermal = eVBT/Cv (27) 

where e is the thermal expansion and B:r is the isothermal 
bulk modulus. The proof by Slater does not require that the 
individual mode Grfineisen parameters Yi all be equal, as 
frequently required by other authors for this equality. If 
adequate data on changes of elastic constants and infrared 
and Raman spectral lines with volume existed, the equality 
of •/with •/th in (27) and (28) could be checked. Although 
such data do not exist for most minerals, data for quartz are 
sufficient to allow this equality to be checked (discussed 
below). 

If (26) is rewritten explicitly in terms of the 3s degrees of 
freedom used to characterize primitive unit cells of minerals, 
it yields 

1 

'•-' •VV {('¾1sCv1s q- '¾2sCv2s q- '¾3pCv3P) q- ('y4Cv4 q- '¾5Cv5 
+''' + YxCvx) + (Yx+•Cvx+• + ''' + Y3sCv3s)} (28a) 

where the subscripts 1S and 2S indicate the two acoustic 
shear modes; 3P indicates the longitudinal mode; 4, 5, ß ß ß, 
x indicate the modes of the optic continuum; and x q- 1, ß ß ß, 
3s indicate the modes of the Einstein oscillator(s). In each 
case, the heat capacity is that of the mode at the temperature 
T at which •/is evaluated. 

Equation (28a) can be written in terms of three compo- 
nents that indicate the cumulative contribution of the acous- 

tic, optic continuum, and Einstein modes, respectively, to •/: 

• = '•ac + '•op + '•E (28b) 

where 

1 

•/ac = •VV ('}/1sCv1s q- '}/2sCv2s q- '}/3pCv3P) (28c) 

•op 
1 

= • ('Y4Cv4 q- 'y5Cv5 • ''' q- %cCvx ) (28d) 
Cv 

1 

•E = •VV ('}/x+ 1Cvx+ 1 q- ' ' ' q- '}/3sCv3s) (28e) 
Note that C/a c, C/o p, and c/E are weighted averages of mode 
Grfineisen parameters and are not necessarily equal to any of 
the •/i, and note the temperature dependence of the relative 
contributions •/ac, •/op, and •/E implied in the Cv weighting 
factors. 

Acoustic mode Griineisen parameters, •/•s, 'Y2s, 'Y3P. 
Several schemes have been devised for relating acoustic 
mode Grtineisen parameters (•/•s, •/2s, •/3P) to elastic con- 
stants of the minerals. Although these schemes are based on 
considerations for simple, isotropic minerals, they are fre- 
quently applied to anisotropic minerals [Anderson et al., 
1968]; this practice will be followed here, because I have 
demonstrated in papers 1-4 that acoustic modes account for 
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so few of the total degrees of freedom for most minerals that 
slight errors due to averaging techniques for wave velocities 
will not appreciably influence the calculated thermodynamic 
properties. 

The most common approximation [Barron, 1955, 1957] is 

7i-' • Vi •OV/T = •- + • ' (29a) 
where V is volume, vi is an acoustic velocity (i = 1, 2 for 
shear modes; i = 3 for the compressional mode), and Kr is 
the isothermal bulk modulus. Another form of this equation 
was given by Schuele and Smith [1964] as 

= + - 

In this equation, M• is the appropriate elastic modulus 
co•esponding to the shear or longitudinal velocities. In (29a) 
the vi are to be taken as directionally averaged sound speeds. 
However, as was discussed in paper 1, t•e directionally 
averaged velocities are rarely available. Furthermore, their 
pressure derivatives are also not available. Therefore, for 
implementation of (29a) the velocities are commonly re- 
placed by Vogt-Reuss-Hill (VRH) averaged velocities. That 
convention is followed in this paper to calculate acoustic y• 
because the derivatives Ovi/OP for directionally averaged 
modes are not known. Therefore, even though the two shear 
modes are taken with differing velocities in the model, the 
VRH shear velocity is used in conjunction with an averaged 
velocity pressure derivative to calculate Yi in (29a). For the 
example of qua•z to be considered here, V = 22.69 cm 3, 
vva•,s = 4.05 km s -•, vw•,e = 6.02 km s -• (paper 1), (OVs/ 
OP) = -3.4 x 10 -3 km s -• kbar -•, and (Ove/OP) = 10.4 x 
10 -3 km s -• kbar -• [Anderson et al., 1968]. Equation (29a) 
gives Y•s = Y:s = 0.023 and Y3e = 1.18 in agreement with 
Anderson et al. [1968]. 

Optic mode Graneisen parameters, Y4''' Y3s. If infra- 
red and Raman spectra of minerals have been measured as a 
function of volume, then optic mode Grfineisen parameters 
can be calculated from 

Yi = -0 In v•/O In V (30) 

Spectroscopic data [e.g., Asell and Nicol, 1968] demonstrate 
that the y• are generally different for the different modes and, 
indeed, may be positive, negative, or zero. The volume 
change in (30) must be measured directly or infe•ed from 
measured pressure changes through equation-of-state data. 

Asell and Nicol [ 1968] have published frequency shifts for 
a su•cient number of Raman active lines of the a qua•z 
spectrum to allow detailed examination of the 3 of optic 
modes and testing of (27) and (28). Their stated highest 
pressure was 'about 40 kbar,' later co•ected to 32 kbar (M. 
Nicol, personal communication, 1975). Given the pressure 
unce•ainty and adopting several possible equations of state, 
the relative volume (V• at the highest pressure could have 
been 1.067-1.086. The compression is probably uncertain 
within this range, and therefore the calculations below are 
given for the two values; the average of the two values is 
taken as the most probable value. Infe•ed values of the 
Graneisen parameter are very sensitive to volume changes 
and therefore to unce•ainties in volume changes. The calcu- 
lations of • from the mode Graneisen parameters y• are 
shown in Table 5. Within unce•ainties introduced into the 

calculations by uncertainty in compression, the calculated 
value of •/= 0.73 _ 0.09 is remarkably close to ¾th(0.703), as 
predicted by (27). 

The relative contributions of acoustic and optic modes to •/ 
can be obtained from evaluation of the three sets of paren- 
theses in (28c)-(28e): 

•/ac = 0.065 (31a) 

•/op = 0.66 (3lb) 

•/E '• 0 (31C) 

(Values given are the mean of calculations for two values of 
V/Vo as discussed in footnotes to Table 5.) The acoustic 
modes and high-frequency Si-O stretching modes do not 
contribute appreciably to •. The modes of the optic continu- 
um are by far the most significant, and, in fact, as can be 
seen from Table 5, the two lowest-frequency optic modes 
alone account for much of •/and, therefore, 3'th. The relative 
contributions of the modes are determined (1) by the values 
of the mode 3'i, (2) by the values of the heat capacity 
weighting factors, and (3) by the relative numbers of modes. 
Because the modes having the largest 3'i are low-frequency 
modes, at room temperature their heat capacity weighting 
factors are relatively large, and they dominate •/and 3%. 

The contribution of Si-O antisymmetric stretching modes 
to the averaged Gr•neisen parameter of quartz at 298øK is 
negligible for two reasons: (1) the heat capacity weighting 
factors are small, and (2) the mode Gr6neisen parameters are 
also typically small. The mode Gr•neisen parameters are 
small because the strong Si-O bond is relatively incompress- 
ible (for example, see discussions in the work by Lazarev 
[1972]) so that at relatively low pressures, compression is 
taken up by weaker bonds in the mineral structures. There- 
fore the frequencies of the lower-frequency modes associat- 
ed with weaker bonds are most affected by overall compres- 
sion. Similar behavior is observed in the few other silicates 

for which high-pressure spectral data are available. 
Dietrich and Arndt [1982a, b] have measured the mid- 

infrared absorption spectrum of olivine, orthopyroxene, and 
garnet to 50-kbar pressure and have calculated microscopic 
Gr•neisen parameters for the observed modes. These mea- 
surements show that the ¾i of the vibrations associated with 
the SiO4 -4 tetrahedron are small and contribute little to the 
macroscopic Gr•neisen parameters 3'th. However, because 
the measurements do not include all infrared modes or 

Raman modes, the equality of •/and ¾th for these minerals 
cannot yet be tested through (28) and (27). Calculations of 
deformation of individual polyhedra in minerals, such as 
those of Hazen and Prewitt [1977] and Hazen and Finger 
[1979], when combined with spectroscopic observations, 
such as those of Asell and Nicol [1968], may eventually 
provide more accurate values of the mode Gr•neisen param- 
eters and allow more detailed treatment of the pressure 
dependence of the thermodynamic functions than is possible 
with current available data. 

Grt;ineisen parameters used in model. The simplest as- 
sumption that might be used is that all mode Gr•neisen 
parameters are equal and, from (27), are equal to 3'th; this will 
be referred to as model 1. This model is directly comparable 
to a Debye model, in that there is a single Gr6neisen 
parameter, but the form of the lattice vibrational spectrum is 
changed from a Debye spectrum to the more realistic form 
proposed in paper 3. 
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TABLE 5. Values of 3'i for Quartz and Calculations to Demonstrate the Equivalence of • and 3'th 
Mode 

Vo, v32 kbar, a v0, b Degen- Cv*(Xoi) d 3'i for 
cm -• cm -• cm -• eracy Xoi c 3R Vo/V = 1.067 e 

3/iCvi 

3R 

Optic Continuum 
128 147 128 2 0.62 0.036 2.13 0.077 
207 262 _ 5 207 1 1.00 0.034 f 3.63 0.123 
265 ('-• 280) g 264 2 1.28 0.032 0.85 0.027 
356 358 356 1 1.72 0.029 0.09 0.000 

365 1 1.76 0.029 (0.00) (0.000) 
394 395 397 2 1.92 0.027 0.04 0.001 
401 407 + 5 ...n 

450 471 _ 5 452 2 2.18 0.025 0.70 0.018 
464 495 _+ 4 466 1 2.25 0.025 1.00 0.025 
509 ß ß ß 520 1 2.51 0.022 0.5 i 0.011 
697 720 _ 6 695 2 3.36 0.016 0.5 0.008 
795 820 780 1 3.77 0.013 0.48 0.006 
807 835 800 2 3.86 0.012 0.53 0.006 

Si-O Stretch 

1055 1 5.10 0.006 0.01 0.000 
1072 1073 1064 2 5.14 0.006 0.01 0.000 
1085 1088 1082 1 5.22 0.006 0.04 0.000 
1162 1155 1160 2 5.60 0.004 - 0.09 - 0.000 
1231 1240 _ 10 ...n 
1235 1250 . . .n 

Acoustic, From Model 
S1 102 0.493 0.036 0.023 0.000 
$2 122 0.589 0.036 0.023 0.000 
P3 164 0.792 0.035 1.18 0.041 

aOptic mode frequencies at ambient pressure, Vo, and at 32 kbar. The pressure was originally reported as 'about 40 kbar' by Asell and 
Nicol [1968], and was corrected to 32 kbar (M. Nicol, personal communication, 1975). 

•'Frequencies and mode degeneracies at ambient pressure, from Lord and Morrow [1957], given for comparison. 
CEqual to hvi/kT, T = 298øK. 

'. dThe heat capacity summations required for the weighting factors in (27) are •i=4 3s Cv?/3R (for all optical modes) = 0.480; •i=4 3s Cvi*/3R 
(for acoustic modes) = 0.107; Z Cv? (total) = 3.50 cal mol *-l øK-1 in good agreement with the experimental value, 3.54 cal mol *-l øK-1. 

eCalculated from 3' = -0 In v/O In V = In V/Vo + In Vo/V. If Vo/V = 1.067 (as in the table), In Vo/V = 0.06485. If Vo/V = 1.087, In Vo/V = 
0.0834 and all optical mode 3'i shown in this column would be reduced to 77% of the listed value. 

fFor Vo/V = 1.067, 9 = Z 3'iCvJZCvi = (0.439 + 0.0426)/0.588 = 0.82. For Vo/V = 1.087, 9 = 0.65. Therefore the best estimated value of 9, 
given uncertainties in compression, is the mean, 0.73 -+ 0.09. For comparison, 3'th = 0.703 [Anderson et al., 1968]. 

gEstimated by extrapolation of Asell and Nicol [ 1968] data at 20 kbar. 
nNot seen, assumed spurious. 
/Assumed. 

A model that more nearly agrees with the spectroscopic 
data discussed above can be obtained by estimating separate 
Grfineisen parameters for acoustic and optic modes; this will 
be referred to as model 2. If elastic constants and thermal- 

expansion data are available, then (27) and (28) can be used 
to allow specification of acoustic and optic mode Grfineisen 
parameters. 

Consider the three parts of (28), given as (28c), (28d), and 
(28e). The first part, (28c), contains the acoustic mode 
Grfineisen parameters which can be specified from (29a) or 
(29b). The second part, (28d), contains Griineisen parame- 
ters appropriate to the optic continuum; these are generally 
unknown. They will be assumed uniform and denoted as 3/op, 
where 

x 3s x 3s 

'•op-- Z Cvi3/op "-- Z Cvi--3/op Z Cvi + Z CVi 
i=4 i= 1 i--4 i= 1 

(32) 

Equation (28e) contains the Grfineisen parameters appropri- 
ate to the high-frequency stretching modes; the summation 
over this set of parameters is assumed to be zero, either 
because the heat capacities of th• modes at 298øK are nearly 
zero or because the mode Grfindisen parameters themselves 
are approximately zero. Then, if 9 = 3/th as in (27), '•op can be 

obtained from 
3 3s 

'•op--3/th--3/i Z Cvi q- Z Cvi (33) 
i=1 i=1 

The individual 3/op to be applied to the optic continuum is 
then determined from (32). As an example, consider quartz: 
3/th -- 0.703, 3/• = 3/2 = 0.023, 3/3 = 1.18, and •ac = 0.07. 
Therefore 9op = 0.63. At 298øK the ratio of specific heats of 
quartz required in (32) is 0.77, so 3/op - 0.63 + 0.77 -- 0.82. 
In the calculations that follow, the values of 3/used have 
been evaluated with heat capacity data (for (28)) and ther- 
mal-expansion data (for 3/th) taken at 298øK only. The error 
introduced by not considering the variation of the 3/with 
temperature above 298øK is probably less than that intro- 
duced by the harmonic approximations used. 

Calculation of Thermodynamic Properties 
at High Pressure 

For the model calculations, pressure and volume are 
assumed to be related through a Murnaghan equation of 
state' 

P = • - 1 (34a) 
n 
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[ii•TT ] - 1/n V = V0 + 1 (34b) 

A = (V/Vo- 1) (34c) 

where Br is the isothermal bulk modulus, n is the bulk 
modulus pressure derivative, and A is the dilatation. The 
Murnaghan equation of state is quite accurate at relatively 
low pressures (say, below the pressure equal to the bulk 
modulus) but is less accurate at high pressure and does not 
account for phase changes. More complicated and accurate 
equations of state, and better and more detailed values of the 
Griineisen parameters (including perhaps temperature and 
volume dependences), could be used for minerals for which 
available data on physical parameters justify such treatment 
and the logic of the method presented here would not 
change. 

All model parameters must be specified at the pressure 
under consideration. Density changes are implied by (34b). 
Acoustic velocities are assumed to change according to 
[Kieffer, 1976] 

O i = OOi [1 - A(Ti -- -})] (35) 

and all characteristic optic mode frequencies are assumed to 
change according to 

12 i = 12oi( Vo/ V) •/i (36) 

The spectrum of vibrational frequencies thus implied is 
appropriate to the pressure P and volume V, and calculation 
of the thermodynamic functions follows from the equations 
of paper 3. 

Results 

Because data required for calculation of acoustic and optic 
parameters are limited, calculations are presented here for 
only nine of the 32 minerals of this study. The following were 
selected to represent different chemical compositions and 

structural types' halite, periclase, corundum, spinel, quartz, 
stishovite, rutile, forsterite, and pyrope. The Griineisen 
parameters used in the three models discussed above and the 
bulk modulus pressure derivatives used for the calculations 
are given in Table 6. Because many of these minerals 
undergo phase changes at high pressures, the high-pressure 
calculations must De regarded as applying to metastable 
phases for most minerals. 

To test the effect of using a single Griineisen parameter to 
represent the shift of the optic continuum rather than indi- 
vidual mode Graneisen parameters, •t comparison of the 
model values of heat capacity for quartz was made with heat 
capacities obtained by considering the individual mode' shifts 
measured at 32 kbar, by Asell and N•Col [1968]. Following 
the method of Lord and Morrow [ 1957], the 0ptic"modes of 
quartz were represented by 24 Einstein oscillators at the 
frequencies given in the third column of Table 5 for a 
pressure of 1 bar and in the second column for a pressure of 
32 kbar,. The acoustic modes were represented by three 
Debye distributionS. The harmonic molar heat capacities at 
300øK ..thus obtained were 10.53 cal mol -• øK-• at 1 bar and 
10.30 cal mol -• øK-• at 32 kbar. With model 2 o• this paper, 
the harmonic heat capacity at 300øK, 1 bar, is 10.59 cal 
mol -• øK-l, and that at 300øK, 32 kba, r, is 10.25 ½al mol -• 
o K- 2. The < 1% difference in values at 1 bar is caused by the 
very different nature of the vibrational spectra assumed. The 
important point is that in both models the heat capacity at 
300øK changes by nearly the same amount: it is 97 to 98% of 
the 1-bar value at 32 kbar. Therefore, in at least this one 
case, representation of the frequency shift of the optic 
continuum by an averaged Graneisen parameter does not 
substantially change the calculated pressure depen•lence of 
the heat capacities. The agreement is comparably good at 
higher temperatures. 

Results of the calculations for other minerals are given in 
Table 7 (values of the heat capa•city at 298øK for the two 
models and for a Debye model •at 1 bar and 100, 500, and 

TABLE 6. Griineisen Parameters and Bulk Modulus Derivative Used for High-Pressure Calculations 

M•del 1 Model 2 

Tth (From Tth (Model dKr 
Literature) Parameters) Tl = T2 % •op Top dP 

Halite 1.55 1.50 0.14 a 2.64 a 1.05 2.19 6.00 b 
Periclase c 1.54 1.56 1.40 1.71 0.68 1.62 4.52 
Corundum c 1.32 1.48 1.20 1.53 1.15 1.35 3.99 
Spinel c 1.13 1.47 0.49 1.33 1.0,6 1.19 4.19 
Quartz c 0.70 . . .d 0.02 1.18 0.63 0.82 6.40 
Stishovite 1.00 e 2.50 r 0.59 r 2.35 f 0.71 0.95 5.00 e 
Rutile 1.50 g 1.69 0.70 g 0.70 g 1.35 1.73 6.80 h 
Fosterite c,/ 1.3 j 1.25 0.88 1.65 1.24 1.41 4.90 
Pyrope c,i 1.21 1.12 1.13 1.95 1.18 1.30 5.45 

aSchuele and Smith [1964]. 
bBirch [ 1966]. 
CAnderson [ 1974]. 
dThese model values are very uncertain because of behavior of thermal expansion. 
eKalinin and Pan'kov [1973]. 
fEstimated from dKr/dP = 5.6 and dKr/dT - 6.9 and the equations of Anderson et al. [1968] by J. Delaney (personal communication, 

1979). 
gShaner [1973]. 
hAnderson [ 1974]. 
/Data of Dietrich and Arndt [1982a, b], available only after completion of this work, allow calculation of Ti for two bands in the optic 

continuum of olivine and three for pyrope. These bands arise from bending motions of SiO4 -4 tetrahedra, and the Ti are smaller than the 
value adopted here for the whole optic continuum. However, the SiO4 -4 bending modes constitute only a relatively small fraction of the 
modes in the continuum (see text section on isotopic fractionation), so these data are not inconsistent with the values of •/op adopted here. 

JChung [ 1971 ]. 
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TABLE 7. Cv* and Shar* (in cal mol *-• øK-i) at 298øK 

Halite Periclase Corundum Spinel Quartz Stishovite Rutile Forsterite Pyrope 

Pressure Cv* S* Cv* S* Cv* S* Cv* S* Cv* S* Cv* S* Cv* S* Cv* S* Cv* S* 

Model 1 '• 
1 bar 5.66 8.39 4.25 3.15 3.78 2.47 3.89 2.71 3.53 3.48 3.56 2.54 4.26 3.97 3.98 3.35 3.88 3.24 

100 kbar 5.40 6.46 4.00 2.74 3.62 2.28 3.74 2.50 3.28 3.06 3.48 2.42 4.11 3.70 3.77 3.02 3.72 3.00 
500 kbar 4.95 4.84 3.33 1.91 3.15 1.77 3.28 1.97 2.97 2.59 3.22 2.11 3.73 3.09 3.26 2.34 3.32 2.45 

1000 kbar 4.66 4.19 2.84 1.46 2.74 1.41 2.90 1.62 2.82 2.38 2.99 1.87 3.45 2.71 2.89 1.93 3.04 2.11 

Model 2 
1 bar 5.66 8.39 4.25 3.15 3.78 2.47 3.89 2.71 3.53 3.48 3.56 2.54 4.26 3.97 3.98 3.35 3.88 3.24 

100 kbar 5.27 6.42 4.00 2.74 3.62 2.27 3.73 2.49 3.31 3.05 3.48 2.42 4.09 3.69 3.81 3.02 3.76 3.00 
500 kbar 4.53 4.79 3.30 1.91 3.13 1.76 3.24 1.96 3.00 2.57 3.22 2.12 3.67 3.07 3.36 2.33 3.42 2.44 

1000 kbar 4.04 4.18 2.80 1.46 2.71 1.40 2.85 1.60 2.85 2.35 3.00 1.89 3.36 2.69 3.02 1.92 3.16 2.09 

Debye Theory 
1 bar 5.65 3.79 3.52 4.00 5.01 3.86 4.33 4.43 4.29 

100 kbar 5.40 3.53 3.36 3.84 4.81 3.77 4.16 4.23 4.11 
500 kbar 4.91 2.79 2.85 3.36 4.50 3.50 3.71 3.65 3.64 

1000 kbar 4.56 2.22 2.41 2.97 4.34 3.26 3.36 3.21 3.29 

For Shar*, only the harmonic contribution to the entropy is given because the effect of pressure on the thermal expansion is not well 
known. Hence these numbers differ by a few percent from those in paper 4, Table 5. 

aFor model 1, all 3' = Tth. For model 2, T•s and Yes = Ts; T3z, = %,; Top for the optic continuum is described in the text. The parameter 3' for 
Einstein oscillators = 0. 

1000 kbar) and in Figure 9 (a plot of Cv* versus T for the 
same pressures). Consider first the values of Cv* and $* 
shown in Table 7. The results of models 1 and 2 at 298øK are 

very similar to each other and differ substantially from 
Debye theory, except for halite, for which the actual and 

6 

4 

2 

o 

4 

2 

• 0 

• 4 

2 PYROPE 

0 •" • I I I I I I THEIEND!I 
0 200 400 600 800 0 200 400 600 800 I000 

TEMPERATURE (K) TEMPERATURE (K) 

Fig. 9. Model heat capacities of various minerals (or their 
metastable low-pressure phases) at pressures of 1 bar and 100, 500, 
and 1000 kbar. 

model spectra rather closely resemble a Debye spectrum 
(see paper 3). Debye theory does not predict accurate heat 
capacities for the remaining minerals; thus only the predict- 
ed relative decrease of heat capacity with pressure might 
have any significance. Comparison of the results of model 1 
with the Debye theory shows the effect of differing vibration- 
al spectra because both model 1 and Debye theory use the 
same Griineisen parameter, 7th, for all modes. 

With the exception of halite, models 1 and 2 do not give 
significantly different results for Cv* and S* at 298øK, an 
initially surprising result because of the apparent large 
differences in Griineisen parameters used in the two models. 
However, in a general way, this is explained by the fact that 
values of 7th used for all modes in model 1 are rather close to 
the values of %0 applied to the optic continuum in model 2 
(Table 6). Because the optic continuum contains >50% of 
the modes, the major spectral shifts are similar in the two 
models, and therefore, so is the pressure dependence of Cv* 
and S*. The differences between the two models occur in 

two spectral regions not strongly reflected in the heat 
capacity or entropy at 298øK: in the low-frequency acoustic 
modes and in the high-frequency Einstein oscillators. At 
298øK, the temperature for which the values are listed in 
Table 7, the acoustic modes of most minerals are nearly fully 
active and contribute their maximum heat capacity, regard- 
less of the shift of their frequencies with pressure. On the 
other hand, at this temperature, the high-frequency Einstein 
oscillators contribute very little to the heat capacity, and so 
differences in their spectral shifts are not strongly sensed in 
the thermodynamic functions. 

Halite is the only mineral for which the two models give 
substantially different pressure dependences of Cv*. The 
differences arise because neither the acoustic mode nor the 

optic mode Griineisen parameters are close to 7th: 71 = 3/2 << 
7,th, 73 >> 7th, and •/op > 7th- When these values of Griineisen 
parameter are applied to the spectrum in model 2, the shear 
acoustic modes remain at lower frequencies than in model 1, 
and the compressional mode goes to higher frequencies (this 
is analogous to the way a Debye spectrum split when shear 
and acoustic modes were considered separately as discussed 
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in paper 1). The optic continuum of model 2 is shifted to 
substantially higher frequencies because of the high value of 
•op. The net effect is that model 2 predicts a stronger 
decrease in heat capacity with pressure than model 1. The 
entropy is less sensitive to these model differences because 
much of the entropy of halite is determined by the acoustic 
modes which have opposing and generally compensatory 
effects. 

For periclase, corundum, and pyrope, the acoustic and 
optic mode Gr0neisen parameters are all similar to 3•th, SO 
models 1 and 2 are similar. For spinel, quartz, stishovite, 
rutile, and forsteritc, the shear Gr0neisen parameters are 
low, as in the case of NaCI, but the acoustic modes account 
for so few of the total degrees of freedom that the effect on 
%p through (33) and on the pressure dependence of the heat 
capacity is small. 

As shown in Figure 9, the relative decrease in heat 
capacity at a given pressure is a function of temperature, 
being large on the steep part of the Cv* curve and approach- 
ing the Dulong-Petit limit at high temperatures at all pres- 
sures. Anharmonic effects would change these high-tem- 
perature limits. Because the changes in heat capacity are 
large at relatively low temperatures, it is to be expected that 
changes in the entropy with pressure should be substantial, 
as is documented in Table 7. 

6. CONCLUDING COMMENTS 

The models presented in this paper for calculations of 
pressure effects on the thermodynamic functions, phase 
equilibria, and isotopic fractionation cannot be correct in 
detail because of the many simplifications that had to be 
made in the representation of physical parameters, such as 
the thermal expansions and the Gr0neisen parameters, and 
in the formulation of simplified and even hypothetical spec- 
tra. The simplifications were generally necessary because of 
a lack of experimental data, not because of a lack of theory 
to incorporate the effects into the model. For example, the 
temperature and volume dependences of the Griineisen 
parameters can easily be included in the model as presented, 
but available data on most minerals do not allow such a 
refinement; the simplified spectra can be divided and subdi- 
vided into smaller continua and more Einstein oscillators as 
our data base and understanding of lattice vibrational spectra 
increase. The work incorporated in the five papers here has 
spanned more than a decade, during which the data available 
have increased so rapidly that not all of it could be incoporat- 
ed into the models. This rapid increase in data leads to hope 
that the current decade will be one in which continuing 
progress will be made in measurement of the physical 
properties of minerals, in understanding of their vibrational 
spectra, and in integration of the understanding of their 
physical, chemical, thermodynamic, structural, and spec- 
troscopic properties. 

NOTATION 

The reader is referred to the notation lists at the ends of 
papers 1-4. Additional symbols defined below are used in 
this paper (equation number follows definition). 

Br isothermal bulk modulus, (25). 
Ei molecular energy level, (6). 
•f reduced partition function ratio, (10). 
K equilibrium constant, (5). 

m, m :g 

n 

•t3p 

')/IS, •t2S 

Yth 

masses of exchanging isotopes, (10); the asterisk 
denotes isotopically heavy substance not to be 
confused with the asterisk as used in Cv* (cal 
mol *-• øK -1) where the asterisk denotes per 
atomic unit. 

bulk modulus pressure derivative, (25). 
partition function, (5). 
reduced partition function, (10). 
number of atoms being exchanged in exchange 
reaction, (10). 
fractionation factor, (13). 
dilatation, (34c). 
weighted average Gr0neisen parameter, (26). 
acoustic mode Gr0neisen parameter, (23). 
average Gr0neisen parameter for the Einstein 
oscillators continuum, (3 lc). 
mode Gr0neisen parameter, (22a). 
average Gr0neisen parameter for the optic con- 
tinuum, (3 lb). 
acoustic longitudinal mode Grtineisen parameter, 
(28). 
acoustic shear mode GrOneisen parameters, (28). 
thermal Gr0neisen parameter, (27). 
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